MUHUCTEPCTBO OBPABOBAHUA 1 HAVKI YKPANMHBI
XapbKOBCKIIT HAIMOHAJILHBINT YHUBEPCUTET

umenu B. H. Kapasuna

Ha mpaBax pykomnucu

Outeitnuk Ejiena BukTopoBha

VIIK 517.948

HEJIMHEVHBIE TN®PEPEHIINAJIBHEIE YPABHEHIIA 1
MOJEJIBHEIE ITPEJACTABJIEHI G CUCTEM JIMHEMTHBIX
HECAMOCOIIPA>2KEHHBIX OITIEPATOPOB

01.01.02 — nmuddepennuaibible ypaBHEHUS

Huccepranus Ha couckanue yI€HO CTeeHn

KananjiaTa CbI/ISI/IKO—MaTeMaTI/IquKI/IX HayK

Hayunsrit pykoBouTes b
Sostorapes Biagumvup AstekceeBud

JIOKTOP (PUBHUKO-MaTeMaTUIeCKUX HayK,

podeccop

XapbkoB — 2015



COJIEPKAHUE

BBEJ/IEHUE

PA3/JIEJT 1. IPEJIBAPUTEJIbHBIE CBEJAEHUA

1.1. JlokaJbHBIN y3e 1 acCOIMUPOBAaHHAA ¢ HUM OTKPbITas
CUCTEMA . .« v v et et e e

1.2. KoMMyTaTUBHBIH JIOKAJILHBIN y3€/1 1 acCOIMUPOBaHHasd
C HAM OTKPBITAST CUCTEM& . . . . . . o v v oo

1.3. TpeyronbHasg Moje/b KOMMYTATUBHOM CHCTEMbI Heca-
MOCOIIPAZKEHHBIX OIIEPATOPOB . . . . . . . . . o oo ..

1.4. BeBogbl K pazgeny 1 ... ... ...

PA3JIEJT 2. AHAJIN3 1 METO/IBI PEITEHN A CUCTEMBI TUITA

JIAKCA
2.1. Pemenue cucrempr ypasuennit (1.22)

npu J =1, r=2. ... .. ... ...
2.2. Pemenne cucrembr ypasuennit (1.22)

apu J AL, r=2. .. ... ..
2.3. Obmue cBoiicTBa pelleHnii cucreMbl THIA Jlakca
2.4. Onucanue pelieHnii cucTeMbl Thlla Jlakca B caydae Ji-

HefiHof 1 KBaJpaTndHoii 3apucumoctu a(x) ot (). . .
2.5. BBIBOIBI K PABHCTY 2 . . o . o v oo i

PASJIEJI 3. PEINEHUA CUCTEMBI TUITA JTAKCA

3.1. Onucanue pemenuii cucreMbl THIA Jlakca npu r =3 . .
3.2. Wcenenosanue periennit cucremer (2.26) pur =4 . . .
3.3. Cuyuait kybndeckoii 3apucumoctu a(x) ot y(x) . . . . .
3.4. BBIBOJBI K PABJIENIy 3 . . . . . ..

18

18

22
26


Пользователь
Штамп


PA3JIEJI 4. COBCTBEHHBIE BEKTOPHI CIIEKTPAJIBHOUN MAT-
PUIIBI 69
4.1. CobcTBeHHBIE 3HAYEHUS U COOCTBEHHBIE BEKTOPLI MaT-
puiibl a(x) B cjiydae MpocToro CHeKTpa. . . . . . . . . . . 69
4.2. Pemenue cucrembl ypasuenuit (4.10), xorpa r = 3
(coyaait 1). ... 73
4.3. Pemenue cucrembr ypasaenuit (4.10), korga r = 3

(cywaid 2). . . ... 79
4.4. CobcrBeHHbIE 3HAUEHUS U COOCTBEHHBIE BEKTOPHLI MaT-

putibl a(x) B ciiydae KpaTHOTO CIIEKTpa U 1 =3 . . . . . 92
4.5. CrenuaJibHOe pelIeHre CUCTEeMbl YpaBHEHHUI Npu J10-

HOJIHUTE/IbHBIX YCJIOBUAX . . . . o . oot 97
4.6. BeIBOABI K paszgeny 4 . . . .. ... 103

PASJIEJI 5. PEHIEHUA CUCTEMBI 11PN J # I B TEPMIHAX
COBCTBEHHBIX BEKTOPOB 104
5.1. Onwucanue periennii cucremsr (5.1) npur =3 . ... .. 104
5.2. Pemenne cucrembr ypasuenuit (5.16) mpu r = 3
(coyaait 1) . ..o oo 109
5.3. Pemmenne cucrembr ypasaenwuit (5.16) mpu r = 3

(coyuait 2). . ... 110
5.4. BBIBOABI K PA3HETY D . . o . o v oot 111
SAKJ/IFOYEHUE 112

CIINMCOK UCITOJIB3OBAHHBIX NCTOYHMNKOB 114



BBE/IEHUNE

AkTyassbHOCTBL TeMbl. Tpeyrojibabie U (DYHKIIMOHAIBHBIE MOJIEIH, KOTO-
pble IPUHSTO CYNTAThH aHAJOTaMH CIIEKTPAJbHBIX PA3JIOYKEHWI I1d Heca-
MOCOIIPSI?KEHHBIX (HEYHUTAPHBIX) OMEPATOPOB, BOT yzKe DoJiee MOTyBeKa Wr-
paroT BayKHYIO POJib B (PYHKIIMOHAJLHOM aHaju3e. BrepBble TpeyrosbHbIe
MOJIEIN JIJIsT HECAMOCOIIPSIKEHHBIX ortepaTopoB ObLK roctpoenbl M.C. JIus-
muieM B 1956 romy. @yHKIMOHAJILHBIE MOJEIN JIJIA C2KUMAIOIIIX OIepaTo-
poB ObLu noctpoerbl b.C. Hajem n Y. @ogmem. B ocHOBe cooTBETCTBYIO-
UX KOHCTPYKIUI JIEXKUT aHAJIM3 CTPYKTYPbl XapaKTepUCTUUeCKoi (DyHK-
mun M.C. Jlusmumna. [TocTpoenne aHaJOrmIHbIX MOJIe/Iel JIJI KOMMYTaTHB-
HBIX CHCTEM HECAMOCOIPSKEHHBIX (HEYHUTAPHBIX) OMEPATOPOB HATATKIBA-
JIOCh Ha CyIIeCTBEeHHbIE TpyaHOCTH |68]. B0/ 13 co3MaBIIerocst moI0KeHusT
oot Haiien M.C. JluBmiuieMm, KOTOPOMY YJIAJIOCh CBOMCTBA KOMMYTATHBHO-
CTU MCXOJIHBIX OTEPATOPOB 3alNCATh B TEPMUHAX COOTHOIIEHWI /s XapaK-
TepucTrieckoil gpyuknun. VMenno anaans3 3TUX COOTHOIIEHUNH U TTO3BOJIHI
M.C. Jlusmuny [56] - [61], JI.JI. Bakcmany [23], B.A. osorapesy [39] - [44],
B. Bununkosy [25] - [27] ocymmiecTBuTh mocTpoeHne TpeyroJabHBIX MoJeeit
JIIsT KOMMYTATUBHBIX CUCTEM HECaMOCONPszKEHHBIX orepaTopoB. OKas3aJoch,
YTO MMOCTPOEHNE JTAHHBIX MOJIeJIell ONUpaeTcs Ha PeleHne CUCTeMbl HeJTnHe -
HBIX yPaBHEHU, CYIIeCTBOBAHUE PEIICHUIl JIjIg KOTOPOIl CjiejlyeT 13 OOIIIX
coobpazkenuit. OjiHAKO JI0 CUX 110D He ObLIU IPebsiBICHbI KOHKPETHBIE Pe-
IMeHns JaHHoil cucteMbl ypaBHeHuit. lccmemoBanuio 3Toil BaxKHON 3a/1a9H,
Ha KOTOPOIi 6azmpyeTcs MoCTpoeHne TPeyTroJIbHbBIX MOJe el KOMMYTATUBHBIX
CUCTEM HECAMOCOIIPSIYKEHHBIX OIIEPATOPOB, U MOCBIIIEHA JINCCEPTAIUS.
CBsi3p paboThl C HAyYHBIMHU IIpOTpPaMMaMu, MJaHAMU, TeMa-
mu. OcHOBHBIE HaydHBIE PE3yJbTaThbl, KOTOPbIE U3JI0XKEHBI B JINCCEPTa-
1, ObLin mosydensl npn BoinosHernn HUP "Crnexkrpanbabiii anaan3 cu-
CTEM OIIepATOPOB 1 €ro mpuMenenne" (HoMep rocyIapCTBEHHO PErucTpainm
0112U001060). Dra HayIHO-HCCIEI0BATETBCKAST pAOOTA BBITOIHAIACH B CO-
OTBETCTBUU C TIJIAHAMEI HAy THO-MCCJIE/IOBATETLCKIX PAOOT XapbKOBCKOTO Ha-

noHaJbHOro yauBepcutera nmenn B.H. Kapazuna.



ILlens u 3a1a9m ucciemoBanus. Llebio nrccepralinoHHON pabOTHI AB-
JISIETCSI MCCJIEJIOBAHIE CUCTEMbl HEJIMHENHBIX JuddepeHnnaabHbIX ypaBHe-
Huit Turma Jlakca, Ha KOTOPBIX OCHOBBIBAETCS TTOCTPOEHHE TPEYTOJTBHBIX MO-
Jeniett 1t KOMMYTaTUBHBIX CUCTEM JIMHEHHBIX HeCAMOCOIPSIYKEHHBIX Or'PaHi-
YeHHBIX OIIEPATOPOB, OIUCAHNE KJIACCOB pelieHnil 91oit cucrembl. [l poctu-
JKEHUS [TOCTaBJIEHHO 11e/ I HeOOXO0MMO ObLJIO PEIUTL CJIE/IYIOINIe 3 1auu:
1. Harp mosmoe ommcanue penienuii cucreMbl Tuma Jlakca, Koropas nsy-
qaeTcs B ciydae n = 2.

2. Haittu obmime mMeToabl HaxXOXKJIeHHsI pelleHuii cucreMbl Tuia Jlaxca,
KOTOPBIE OCHOBBIBAIOTCS Ha aaredpPo-TreOMeTPUIeCKIX METO/Iax.

3. IomyunTs permennst HeJMHENHOM cucTeMbl Tud hepeHnnaabubIX YpaB-
HeHuit B obrmem ciaydae mpu n =3, 4, J =1, a(x) =0 .

4. TlocTpouThb pelieHnusl CUCTEMbl HEJMHEHHDbIX ypaBHEHUII B TepMUHAX
COOCTBEHHBIX BEKTOPOB.

Obsexm uccaedosanus. B auccepraiun 00beKTOM HCCIEI0OBAHUS SIBJISI-
I0TCsl HeJIMHEHHbIe cucTeMbl JuddepeHnmalibHbIX ypaBHeHuit Tumna Jlakca.

IIpedmem uccaedosarus. Ilpeamerom mccieIOBAHNs SIBIAETCS M3y UeHne
HeJImHelHo cucTembl JinddepennmraibHbIX YypaBHeHuil Tuna Jlakca npu n =
3, 4, J = I, a(r) = 0. llpeamerom ucc/ie1oBaHns €CTh TAKIKE OIMHCAHIE
pELIeHNl 9TOI CUCTEMBbI YPaBHEHUIA.

Memodvi uccaedosarus. B nuccepralinoHHO pabOTe UCIIOJIb3YIOTCS: Me-
TOJIbl MHTErpupoBanust auddepeHIajibHbiX ypaBHeHuit (mogpasuenbl 2.2,
2.3); MOZIEPHU3UPOBAHHDIIT METO/T PEIIeHNsT 0OPATHBIX 3811, METO/IbI TEOPHN
LIANTHIeCKUX (DYHKIM (ompasaesst 3.2, 3.3); METO/Ib! JINHEHO aaredph
(pazmesst 4, 5).

OcHOBHBIE T10JI02KE€HNSI, BBIHOCUMbIE Ha 3aIlUTY:

1. Ommcanue pemenuit cucremsl Tura Jlakca B ciaydae n = 2.

2. Pemenne nenmmHeitHoit cucrembl guddepeHImaIbHbIX YpaBHEHUI B 00-

meM ciaydae npu n = 3, 4.
3. Onucanue penieHuit cucTeMbl HEJIMHEHHBIX YPaBHEHUIT B TEPMUHAX 10~
BeJIeHIsT COOCTBEHHBIX BEKTOPOB MATPUIIbI-(DYHKINN (), KOTOpast siB-

JIACTCA CHeKTpaﬂbHOﬁ IIJIOTHOCTDBIO.



Hay4ynasi HOBU3HA IIOJIyY€eHHBIX Pe3YJIbTAaTOB.

1. Haitennr siBHbIe (bOpMYyJIbI pelieHuil cucTeMbl TUIA Jlakca B ciydae
n=21J =1, aTtakxKe B OoJjiee 00IIeM ciIydae, P IPOU3BOJILHOM J.

2. Onucanbl 00IIe U30CIIEKTPa/IbHbIE CBOMCTBa PeIleHnii CUCTEeMbI THIIA,
Jlakca.

3. VYKazaH IOMIAroBbIil MPOIECC HAXOXKJICHHUS PEIIeHUH CHCTEeMbI THIIA
Jlakca.

4. Onucanbl pelieHns CUCTeMbl B CIydae MOJNHOMUAIBHON 3aBUCUMOCTI
a(x) or y(x) i n = 2, 3, 4, KOTOpbIe B HEKOTOPBIX CJIydasiX MOLYT
OBITH IIPEJICTABJIEHBI C IIOMOIIBIO AJLIUITHIECKIX PYHKINN AKoou.

5. Tlosmyuensr ypaBaenus jijist cobcTBeHHbIX GyHKINi Marput a(x), Ja(x)
B TEPMUHAX MX COOCTBEHHBIX 3HAYEHHUI M COOCTBEHHBIX UHCEJ Ollepa-
topa y(x), v(x).J. Haiijilenbl HeKoTOpbIe UX pEIeHts] B cydae n = 3 u
IIPOCTOTO CHEKTPa Niajkux Marpuil a(x), Ja(zr), npu 3aanHOM orepa-
TOPE 09. YCTAHOBJICHO, YTO PEIEHUs] MOTYT OBbITh IPEJICTAB/IEHBI Yepe3
TpUroHOMeTprdecKrne (PYHKINI OT apryMeHTa, KOTOPBIil 3aBUCUT OT X,
a CTPOUTCS 110 MaTPUIIE T.

ITpakTuyeckoe 3HaYeHE MTOJIyYE€HHBIX Pe3yJIbTaToB. [lojydennbie

B JINCCEPTAIMK PE3yJIbTaThl HOCAT TeopeTndecknii xapakrep. Onum moryt
OBITH NCIOJIB30BAHBI KaK JIJIsT JIAJIbHEHIIEro NCCIe/I0BaHNsT PEIIEHNH CICTEMbl
C IIEJIBIO TIOCTPOEHMS TPEYTOJILHONW MOJIE/NN, TaK M JIsI aHAJM3a MMOJ00HBIX
3aJla4d. TpeyrojibHble MOJIE/IN PUMEHSIIOTCS B TEOPUHU CJIydYailHbIX IPOIec-
COB, TEOPUM TIOJHOTHI U OA3UCHOCTH COOCTBEHHBIX (byHKIWT. MarepuaJbr,
KOTOPBIE COJIEPXKATCS B JIMCCEPTAIMU MOTYT OBITH HMCIIOJIB30BAHbBI JIJIsI ITe-
HUSI CIIEIIKYPCOB 10 IOCTPOEHUIO TPEYTOJbHBIX MOJE/Iel JIsT KOMMYTATHB-
HBIX CHCTEM JIMHEHHBIX HECaMOCOIPSIzKEHHBIX OIEPATOPOB, MPU MPOBEJICHUH
ceMrHapOB 110 A depeHnna bHbIM yPABHEHUSIM.

Anpobarnusi pe3yJbTAaTOB AWCCEpPTAUU. Pe3ybTarTsl juccepralii-
OHHOT'O HMCCJIEJIOBAHMS JIOKJIAIBIBAINCH 1 0OCcyKaaauch Ha: XIV MmexkyHa-
pojHOi HayuHOil KoH(epeniuu nm. axajgemuka M.Kpasayka (Kues, 19 -
21 ampess 2012 1), mexynapoaoit Koudepennnn "CoBpeMeHHbIE TTPO-

OJ1eMbl MaTEeMATHUKHU U ee I[IpuJiozKeHnnd B €CTECTBCHHBIX HayKax W I/IHCbOp—



MannoHHbIX TexHojorusx "Tapamnosckue arenust - 2012 (Xapekos, 01 - 31
mast 2012 1.), Spectral Theory and Differential Equations (STDE-2012)
International conference in honor of Vladimir A. Marchenko’s 90th birthday
(Kharkiv, August 20 - 24, 2012), Fourth International Conference for Young
Mathematicians on Differential Equations and Applications dedicated to Ya.
B.Lopatinskii ([Tonerk, 14 - 17 Hosiopst 2012 1.), MexK iyHAPOHOI MaTeMaTu-
yeckoit kordepenrun "Borommobosckue urenns DIF-2013. Tuddepennmain-
HbIe ypaBHEHUsI, Teopusi GYHKIUI 1 ux npuMeHenus "o moBoy 75-1eTust co
mast poxenns akagemnka A.M.Cawmoiiienko (Ceacronosb, 23 - 30 uromHs
2013 r.), MexkyHapojHoii mkoJe-KoHbepeninn "CoBpeMeHHbIe TPOGIEMbI
maremaruky "Tapamnosckue arenust - 2013 (Xapbkos, 29 ceHTIOPsT - 4 OKTsIO-
pst 2013 1.). OcHOBHBIE PE3YNIBTATHI PADOTHI JTOKJIAIBIBAINCH HA HAYIHOM Ce-
MuHape B JloHeIKoM HaIMoHAJILHOM YHUBEPCUTETE, PYKOBOJAUTEb J01. Ma-
jgamyn M.M. n Ha coBMecTHOM 3acemannn cemuHapa crercosera K64.051.11
U ceMuHapa 1o aHaJn3y B XapbKOBCKOM HAITMOHAJIHLHOM YHUBEPCUTETE WM.
B.H. Kapasuna (pykoogutesb ji. ¢d.-M. H., npod.. Kopobos B. I1.)

ITy6mukanum. OcHOBHBIE pe3y/IbTAThI 110 TEME JINCCEPTAINN U3JI02KEHbI
B b cTarbsax B pedepupyeMbix xkyprasiax [64] - [66], [74], [79] u B 6 maTepu-
aJlax MezKyHapOHBIX MareMarndecknx kondepennuii [75] - [78], [80], [81].

CrpykTypa 1 0d0beMm aucceprTaiuu. /lnccepralins COCTOUT U3 BBeje-
HUSI, TISITH Pa3/IeioB, BHIBOJOB U CIINCKA UCIIOJIH30BAHHBIX UCTOIHUKOB. [10JI-
HBIIT 00beM JmccepTaliun coctapisieT 123 crpanunbl. CHUCOK JUTEpaTyphI
cofepxkuT 91 nammenoBanue. Pe3yabTaThl, KOTOPbIE BHIHOCATCS Ha 3alluTy,
cojepzKaTcs B pazjiesax 2 — o.

BaarogapuocTu. ABTop juccepraliun BhIpazkaeT UCKPEHHIOI OJ1aro-
JApHOCTH HAyIHOMY pyKoBomuTeaio a.d.-M.H., npodeccopy B. A. 3osora-
peBY 3a MOCTAHOBKY M 0OCYKJEHWe 3a/a4, TOCTOTHHOE BHUMAaHUE W BCECTO-
POHHIOIO TOJJIEPKKY, a Takxke A. A. JIyHeBy 3a o0cyzKjieHre pe3y/ibTaToB U

APYy2KeCKOe OTHOILIEHHE.



PASAEJI 1. IIPEJIBAPUTEJIBHBIE CBEIAEHN A

Pasznesnr mocssamen m3/0KeHnio OCHOBHBIX TOJIOXKEHWI W YTBEp:KJIeHnit mn3
TEOPUN HECAMOCOIPSXKEHHBIX OIlepaTopoB. lIpuBejieHbl TpeyrosbHbIE MOJIe-
JIN KOMMYTATUBHOII CUCTEMbI HECAMOCOIIPS?KCHHBIX OIIEPATOPOB U YCTAHOB-
JIEHO, 9TO IOCTPOEHNE JAHHBIX Mojeseil 6a3mpyercs Ha pelnieHurd CUCTEMbI

HeJIMHeNHbIX ypaBHeHuit Tura Jlakca.

1.1. JlokaabHBI y3€J n acconnunpoBaHHad C HUM OTKPbI-

Tad CUCTEMa

MHO>XKeCTBO JIMHEHHBIX ONPAHNYEHHBIX OIIEPATOPOB, JIEHCTBYIOMNX U3 THIb-
OepToBa 1pocrpancTBa H B ruib0epToBO pocTpaHcTBO (G, 0003HAUNM Yepes
H,G].

Omnpenenenue 1.1. Cosoxynrocmsv 2unsvbepmosux npocmpancme H, E u
onepamopoe A € [H,H], p € [H,E], 0 € [E,E], 2de o camoconpsdicen

g = O'>)< Ha3vleacmcA NOKANOHBIM Y3 A0M
A= (A H; ¢, E;0), (1.1)

ecau svinoanaemca ycaosue A — A* = ip*op. Onepamop A naswveaemcs
OCHOBHDIM ONEPATNOPOM Y340 L\, © - KAHAAOBDLM ONEPATNOPOM, G T - MEMPU-
weckum onepamopom ysaa A. [Ipocmparncmeo H nasweaemces snympermum,

a E - enewmnum npocmpancmeom ysaa A [39],[62].
Herpyaro mnokasarb, uro Jioboii oneparop A € [H, H] moxer ObITh

BKJIIOUEH B Takoil y3en A, rue o 6yaer unpomonueit, o = J, J = J* = J L
b

Jl1st 91010, NCNOMB3Ys crieKTpasbHoe pasiokernue 2(A); = [ AdE) camoco-
a

npsizKeHHoro onepatopa [62] 2(A); = 1(A — A*), 10CTATOMHO MONOKUTD
b b
E=A4H, o= / IA|ZdE\, 0 = J = /sz'gn \ dE).
a a
Pacemorpnm smneiiHoe MHOTOOOpasne BekTop-pyHKuit f(t) co 3HaveHUAMNI

B rusibbeproBoM poctpatcrse G nipu t € [0, T]. Obo3naqdum yepes L%O’T)(G)



I'IJIbOEPTOBO MIPOCTPAHCTBO, MOJYUYECHHOE B Pe3y/IbTaTe 3aMbIKaHUs JAHHOTO

MHOI000pa3usi BEKTOP-(PYHKIUIT 110 HOPME

T
112 = / 1F(8)]2dt < oo.
0

Omnpepesienne 1.2. Omxrpwmot cucmemot F = {R, S} naswsaemcsa napa

AUHETHBLT HENPEPLIBHBLT 0MOOPaAHCEHUT

R
H+ L2 5 (E) = L2) ) (H):;

S
H+ 12 5 (E) = H+ L2 1 (E),

ede H u E - nexomopuie 2uavbepmoswv. npocmparcmea [39], [62].
DJieMeHThI npocTpancTBa H + L%O7T)(E) ABJISIIOTCS BXOJIaMU OTKPBITOM
cucreMmbl F', nx obpa3ssbl 1ocjie IpuMeHeHnst 0ToOpaxkKeHnit X 1 S Ha3bIBAIOTCS
COOTBETCTBEHHO BHYTPEHHIME COCTOSTHUSIMU U BBIXOAAMU OTKPBITON CHCTEMBI
Fa. Oneparop S HasbiBaeTCst NepegaTOIHbIM OTOOparKeHHeM CHCTeMbl [
Paccmorpum yzen A (1.1.).
Omnpepesienne 1.3. Omxpomyro cucmemy Fa = {Ra, S} Hazosem acco-
YUUPo8aHHot. omrpuimot cucmemot ¢ yaaom A (1.1.), ecau Ra, Sa 3ada-

10MEA POPMYAAMU

ry {RA<ho,u<t>> = h(t);

(1.2)
Sa(ho, u(t)) = (hr,v(t)); t € [0, 7).

IIpu smom h(t) asasemesa pewenuem 3adavu Kowu

z‘%h(t) b AR() = Gou(t):
h(0) = ho; t € 0,77,

Ra (1.3)

a omobpascerue S 3adaemcs Popmysamu

5. {v(t) = u(t) — iph(t)
A .
hr = h(T); t € [0,T],

ede h(t) - pewenue zadavu (1.3) [39], [62].
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[Ipeamoioxkum, 9T0 Ha BXOJ, OTKpBITOH cuctembl (1.2) — (1.4) mogana
mtockas BosHa u(t) = wuge™, e A € C, uyg € E. Ecrecrsenno nckarhb
pemennst h(t) u v(t) B anagormanoii bopme: h(t) = hoe v(t) = voe™ rae

ho € H, vy € E. Torna ypasuenns (1.3) — (1.4) sanumiyrest B Bujie

_ _ —1, .
vy = Sa(Muo,
dbyuknns Sa(A) nmeer Buj
Sa(N) =1 —ip(A— X))o (1.6)

1 Ha3bIBAETCsl XapakTepucTuieckoii oneparop-gyuxiueir M.C. Jlupmmna ys-
aa A (1.1.) [44]. OrmeTuM, 9T0 U3 OrPAHUYEHHOCTH A CJIEJIYeT, YTO PE30Jib-
senta (A — AI)™1 pery/spHa B HEKOTOPOIl OKPECTHOCTH GECKOHEYHO yjlaJjleH-
Hoit Touku G 4. [Tosromy Sa(N) Takxke roomopdua B G 4.

PaCCMOTpI/IM ABa JIOKaJIbHBIX Y3JIa
Ak — (AkaHk>¢k7Ekaak)7 (k - 172) (]‘7)

Taknx, 9to E = B} = Ey u 0 = 01 = 09.
Onpeneaenue 1.4. Cuenaenuem ysnoe Ay u Ay Hasvieaemcs cosoKyn-

HOCTND
A=2N\[A = (AH, g E,o),

ede H=H,® Hs, p =1+ @y, onepamop A umeem eud
A 0
i(p;O’gOl A2

npu omom Py, - opmonpoexmopw ¢ H na Hy (k=1,2) [39], [62].

Hepr,ZLHO YCTaHOBUTDL, YTO COBOKYIIHOCTb A TaK2Ke ABJIACTCA JIOKaAJIb-

A= :A1P1-|-A2P2—I—Z'g030g01P1,

HBIM y3710M. Takum 06pa3soM, MHOKECTBO JIOKAJILHBIX Y3JI0B 3aMKHYTO OTHO-
CUTEJIBLHO OIepaluy CLEIICHIs.

Onpegnenenune 1.5. Jsa ysaa Ay u Ay (1.7) npu yeaosuu B = Ey = Fy u
O = 01 = 09 HA3BIBAIOMCA YHUMAPHO-IKEUSAACHIMHBLMU, eCAU CYULELCMEYEM)

maxot yrumaphnvil onepamop U € [Hy, Hs], wmo UA; = AU, p1 = poU

[44]; 162]
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OueBu/Has IPOBEPKA MOKA3BIBAET, YTO Y YHUTAPHO-9KBUBAJEHTHBIX y3-
708 A1 1 Ay coBnajiaor xapakrepuctudeckue GyHKImn Sa, (A) = Sa,(A).

Onpegenenune 1.6. [lodnpocmparcmeo
H, = span{A"p"f; f € E, ne Z,}

nasvieaemcs 2aasnol xomnonewmot ysaa A (1.1.), a HL Ho H, - do-
noanumenvnoti Komnonernmot ysaa A. Ecau H, = H, mo ysea A 6ydem
Ha3vieamy npocmoim yaaom [44], [62].
Teopema 1.1. 06 ynumapnoti sxeusasrenmmocmu. IIpednososicum, wmo y
deyx npocmux yzros Ay u Ay (1.7) coenadarom enewrue npocmpancmesa
E = E) = Ey, u, kpome mozo o = o1 = 09 u 0 obpamum. Tozda, ecru 6
HEKOMOPOTl OKPECTIHOCTNU OECKOHEYHO YOAAEHHOT TROUKY COBNAAIOM TAPAK-
mepucmuueckue gynryun Sa, () = Sa,(A), mo ysav Ay u Ay yrumapro
axeusaseHmmuv, [44], [62].

[TepeitieM K mocTpoeHnio TpeyroabHoit Mojenn. Venomssysa Teopemy [lo-
tanopa [83] B ciyuae dimE =r < oo u 0 = J(= J!) npejcrasum xapak-

TEPUCTUYECKYIO MaTpuity-pyHKIH0 SA(A) y3/1a B Bujie MpOU3Be/eHIs:

2

je {ZJdF ?) } ﬂ <1+ ;iaiJ , (1.8)

1

rie ar) - BelllecTBeHHasi, OrpaHnieHHast, HeyObiBaorast dpyukius Ha [0, ]
(0 <1 < 00), F(t) - marpranosnadnas neyobiBatonias dynkiws ma [0, (], mrs
KoTopoit trF(t) = t; A\ - HeBeleCTBeHHbIE 0COObIE TOUKH (ITOJIIOCA) MATPHUIIbI
Sa (A), IOBTOPEHHBIE € yUEeTOM X KPATHOCTH; & MaTpHIlbl ax(x) > 0 umeror
panr 1( rank a, = 1), npuaem (A — M) P, = dapJ Py, (k > 1), e Py -
OPTOIPOEKTOP Ha obJyiacTh 3HavyeHuit ap k", Prap = ap, N < 00.

PaccmoTrpum ToT cirydaii, Korja crekTp oneparopa A BellecTBeHHbI, Toria

xapakrepucrunieckas GpyHkius S () uMeer BUI:

S(N) = 5 () / exp{” A7) } 19)

(2)
0
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rie ar) - BelllecTBeHHasi, OrpaHnieHHas, HeyObiBatomast dpyHukius Ha [0, ]
t

(0 <l < o0), F(z) = [a(t)dt,a marpuna a(z) > 0 pasmepa [rx7] Takast,4To
0
tr a(z) = 1. Oupenesnm Ha JuHEHHOM MHOrooOpasnn m3mepuMbix Ha [0, ]

BekTop-yukimit f(z) = (fi(z),..., fr(x)) co 3navenusiMm B €BKJINIOBOM

npocTpaHcTBe E 9pMHUTOBO HEOTPHUIATEIbHYIO OMINHENHYIO hOopMy

l
(f.q)r = / f(@)a(e)g"(z)d (1.10)
0

O603Ha4NM TIIHEOEPTOBO IIPOCTPAHCTBO

l
L2(1,a(2)) = {f(x) = (h(z / F(Oa(t)f (1)t < oo}, (L11)
0

cauTasi, 9TO (PaKTOpU3AIMA 110 /Py METPUKHU IpoBejeHa. 3aJajuM B

L2(1,a(x)) omeparop A Tax

(Af)(x) = )i / F(t)a(t) Jdt,

Yrobbl yoennThcss B KOPPEKTHOCTH 3ajatusi oneparopa A, mokazkem, 4To
aiapo merpukn (1.10) KerF(z) = {f € L3(l,a(x)) : (f,f) = 0} uusa-
puanTho orHocure/bHo A. Pacemorpum dynkuumio xjo(z)en € L3(1, a()),
rie {eq}] cramjapTHbiil opToHOpMEpOBaHHBIL Oaszuc B B, a xj4(z) -
xapakrepucrudeckas gynknnsa maoxkectsa [0,t] (0 < t < [). Torga us mepa-

BencTBa Komm-bynsakoBckoro

[(fs xpa(@)ea) pl” < Fy ) rX0n(T)eas X (2)ea) p,

t
ecin f € KerF(z), cienyer, uro [ f(z)a(x)dx = 0 na Vt € (0,1). Tlo-
0

sromy Af(z) = a(x)f(z), n 3mauuT BHOBL B CHIy HepapencTsa Kormn-
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BynsgakoBckoro

(A1.ADr = [ @@)f(@ha(o)f (oo <

~
N

~
N

aro n obecreunBaet nnpapuanTnocts KerF(x) ornocurensino A. Herpymmo

yOeIUThCs1, ITO

l
(A f) () = o) f(z) — i / F(t)a(t)Jdt.

1 3Ha4UT BBIIIOJIHAETCA Y3JI0OBOC COOTHOIIIEHUE

~

A — A*

7

f(x) = / f(x)a(x).Jdx.
0

l
Bamaqnm o f = [ f(z)a(x)dz, Tak uro po : L (1, a(x)) — E".
0

Urak, Mbl nMeeM y3e
A = (A, L, a(x), ¢c, B, J). (1.12)

Teopema 1.2. [Ipocmoti A0KkasbHbIL Y3EA 8 TOM CAYYAE, K0204 Cnekmp one-

pamopa A eewecmeenen, YHUMAPHO-IKBUBAACHMEH NPOCMOT 4ACMU Y340

~

A (1.12) [39], [62].

1.2. KoMMyTaTunBHBIII JOKAJBHBLIIN y3€J U acCCOIUNPO-

BaHHasd C HUM OTKPbITasd CUCTEeMa

[lepeiiieM K KOMMYTaTHBHOI cuCTeMe JIMHEHHBIX ONPaHUYIEHHBIX HECAMOCO-
NpsiZKeHHBIX oreparopoB. Ilycrs 3amana {A;, A2} KoMMyTaTuBHAST cucTeMa
JINHEHHBIX OTPAaHUYIECHHBIX OTEPaTOPOB, JEHCTBYIOMNX B THILOEPTOBOM IIPO-

cTpaHcTBe H | a TakyKe JINHEWHBIN OrpaHnYeHHbIil onepaTop ¢: H — F.
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Omnpenenenue 1.7. Cosoxynrocmo

A= ({A, A} H o B {on, 00} {7} {7"}), (1.13)

2
2de {op}], {7F} camoconpsorcerme onepamopu, 6 E, nasvieaemcs xommy-

mamueHbIiM Y3A0M, ECAU.

1. [Al,AQ] = O;
2. A — AL =1ptorp; op=o;; k=1, 2; (1.14)
3. 01pA; — 0 AT = 7 ;
4.7 =77 + (o1pp*oy — o2p0%01)
[41], [61].
Herpyao mokasars [41], uto Jirobasi KOMMYTATHBHASI CUCTEMa OIDAHI-

. 2
YeHHDIX JIMHEHHBIX onepaTopoB { Ay }] MOkKeT ObITh BKJIIOUEHA B y3ell.
Omnpenenenue 1.8. Omxpovimas cucmema, accouuupo8arHai ¢ KOMMYMA-

mushvim yaaom A (1.13), umeem 6ud

OLh(t Aph(t) = o* t);
I’y i0ph(t) + Aph(t) = ¢ ogu(?); (1.15)
1<k <2 h(0)=h;
S wu(t) = ult) +iph(t); (1.16)
2de Judgepernyuarvroie onepamopol {8;{}? umerom 6ud Oy = 8%’ 0 =
k

(0,0), a h(t) uu(t), v(t) sexkmop-pynrxyuu uz H u E coomsemcmeenio,
t = (t,t2) € R? [39].
Teopema 1.3. Cucmema ypasnenutd (1.15) — (1.16) oydem cosmecmmod,

ecau moavkKo gﬁy%%uu,ﬂ u(t) 6y&em y@osﬂemsop.ﬂmb cucmeme prL@H@HUﬁ,.'
{O’ﬂ@g - 0'27;81 + ’}/_} u(:z;) =0 (117)

[39], ([41], [61].

Teopema 1.4. Ecau h(t) asasemca pewenuem cucmemv, (1.15)- (1.16), a
u(t) ydosaemesopaem (1.17), mo sexmop-dynryusn v(t) ydosasemeopsem cu-

cmeme YpasHenuti:
{0’1i82 - 0'2i81 + ’)/Jr} U(I) =0 (118)

[39], ([41], [61].
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Pacemorpum kommyTtatuBabiii y3en (1.13) korma dim E = r < oo, npu-
geM 01 0OpaTuM.

Xapakrepucruaeckast Marpuiia-gyukims S (\) [40] oneparopa Ay B op-
TOHOPMUPOBAHHOM Gazuce {e,}, @ = 1,7 U3 B cIyduae BEINECTBEHHOTO ClIeK-
Tpa oneparopa A; u op = J (J = J* = J1) umeer su;

)

SN =S5 (A); Sz, A= /exp {%} : (1.19)
0

rie «t) - BelecTBeHHasl, OrpaHnYeHHast, HeyObiBaroias (yukiws Ha [0, (]
(0 <l < ), a marpurna a(t) > 0 pasmepa [r X r] Takas, aro tr a(t) = 1.
N3 kommyrarusHoctu [Ag, As] = 0 craeayer, 9T0 XapaKTepUCTHIECKAST

dbyuximst S (A) yaoBieTBopsieT yeioBuio cijietaemoctu [39]:

(G2A +77) IS (A) =S (A) (A +77) J. (1.20)

BaJjiava mpooJIzKeHnst yesioBust crietaeMoctr (1.20) BIosib MEernouky nH-
BaPHAHTHBIX TTOJIIPOCTPAHCTB oreparopa Aj, KOTOpOoit 0TBeIaeT MYy/TBTUILI-

KaTtuBHOE mpejcTaBienne S(z, A) (1.19), mnpuBoANT K COOTHOIIECHUIO:
(oA + 77 (2)) JS(z, A) = S(2,A) (02X +47) T (V€ [0,1]).  (1.21)

CymecTBoBanue o0Ieil MenovYKn NWHBAPUAHTHBIX TOJIITPOCTPAHCTB JIIsT KOM-
MYTaTHBHOI CHCTEMBI OTIEPATOPOB CJeyeT 13 u3BecTHoit Teopemnl B. U. Jlo-
mMonocoBa |63]. Herpyao 3amernts, aro, mpouddepennuposas (1.21), mo-
JIyIUM

(oA (@)Y =i |32 od 22| =0
B pabore [39] mokazaHo, 9To Jijist TOr0, 4TOObI BHIIOJIHSLIOCH YCJIOBUE CILIeTa~

emoctn (1.21), HeoOXOIIMO I JJOCTATOMHO, ITOOBI HMEJIH MECTO COOTHOIICHHS:
(

[Ja(z), (020 (2) +~(x))J] = 0, @ €[0,1],
V(@) =il Ja(x),02]], @ €0,1], (1.22)

(7(0) =77

7\
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1.3. TpeyI‘OJIbHaﬂ MOJ€EJIb KOMMYT&THBHOﬁ CnncCreMbl

HeCaMOCOIIPA2KEHHbIX OlIepaTopoB

Perrieriie 970ii cucTeMbl Y() UCIOIB3YETCS MPH MOCTPOCHUE TPEYTOJIbHBIX
MoJIeJielt KOMMYTATHBHBIX crcTeM orepatopos [39]. Pacemorpum rumsbep-
ToBO mpoctparcTBo (1.11), cumrasi, 9ro akTOPU3AIUA 10 SIJPY METPUKH
HpoBejieHa. 3aa/IMM B HEM KOMMYTATUBHYIO CUCTEMY OIIEPATOPOB

(AL f)(z) = a(z) f(z) + Z'flf(t)a(t)Jdt,
< r l (1.23)
(A2f) (@) = f(2)J (020 (x) +7(2)) +i [ f(t)a(t)od.

\ X

rie y(x) yaoBierBopsier cucreme ypapuenuit (1.22).

Onpenenenune 1.9. [lodnpocmparcmeso

H = Span{ArlllA;l?gp*f? f S E) ny, N2 € Z+}
nazveaemcs 2aaenoti xommonenmoti yzaa A (1.13), ecau H = H, mo ysen
A 6ydem Hazvieamv npocmuim yaaom [61], [62].
Cyzxenne [62] omepaTopHOro y3a Ha HOMIPOCTPAHCTBO H HA3BIBACTCS
IPOCTOli JacThio oneparoproro ysaa A (1.13).

Paccmorpum y3en
A={A, A} Hig B {1 e} {7 i {5 ).

Teopema 1.5. [lycms 3adan npocmoti kommymamuenvit ysea A (1.13),
npuvem dimFE = r < oo, o9 = J(= J7') u cnexmp onepamopa A, ee-
wecemeennvit. [lyems dasee mampuua a(x) > 0 v a(x) 6 npedemasaeruu
xapaxmepucmuveckots gyrnkyuu S(x, N) (1.19) onepamopa Ay maxoswvi, wmo
paspewuma cucmema Hesunetnvr ypasnerud (1.22). Toeda ysea A (1.13)
yrumapHo-sxkeusasernmen npocmoti wacmu ysaa N [39], [41].

Takum obpasom, perenne cucrem ypasrennii turna Jlakca (1.22) sajser-
¢ aKTyaJIbHOI 1 BayKHOI 3a1adeil B JaHHOM Kpyre BOIpocoB. B paborax [25],

[39], [41], [60] 6bL10 TOKA3AHO, YTO CHEKTpaJbHBIH aHAIN3 KOMMYTATHBHOI
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MOJIEJIBHOI crcTeMbl orteparopos(1.23) ciejtyer mpoBOUTh Ha COOTBETCTBY-
fomieit puManoBoil nmosepxuocTu. OJHAKO, MMOJHOE U3YYEHUE STOH CHUCTEMBbI
ypaBHEHNI JI0 CUX TOP He MPOBOJWIOCH. B ciaydae r = 2 mosydaercs He
TOJIBKO PEIuTh JaHHyto cucremy (1.22), HO m ommcaTh KJIACC BCEX ee Pe-
menuit. [Ipu r > 2 cucrema ypaBHeHUil nMmeeT 0OoJiee CJIOXKHBIN XapakTep U
U3y4IUTh ee B obIeM Buje He yiaercs. [losromy B juccepranuu (cm. 2.3) B
caydae J = I u a(x) = 0 npejyioxKeH HOBBIl METOJI UCCJICIOBAHIST 1 yKa-
3aHa IOIMIAroBast MpoIe/lypa perenust cucteMbl (1.22), KoTopast B 9aCTHBIX

ciydasix (pasjen 3) NPUBOIUT K SJUIHITUIECKAM (DYHKITHSIM.

1.4. BsiBoabl K pa3genay 1

[IpuBeiennl onpejiesienns, yTBEPKIEHNs, TEOPEMBI U3 TEOPUU HECAMOCOIIPSI-
ZKEHHBIX OIIepaTOpPOB, & NUMEHHO:
1. JoKaJIbHBII y3es1 U acCOUUPOBAHHASl C HUM OTKPbITasl CUCTEMA;
2. TpeyroJjibHas MOJEJb HECAMOCOIPSZKEHHOI'O OllEpaToOpa;
3. KOMMYTATUBHBII JIOKAJIbHBII y3€J1 1 aCCOIMUPOBAHHAS C HUM OTKPbITAast
CUCTEMA,;
4. u3ydeHbl YCJOBUs COBMECTHOCTU OTKPBITOIl CHUCTEMBbI, OTBevatolleii
KOMMYTaTUBHOII CHUCTEME OIIepaTOPOB;
D. MOCTpOeHa TPeyroJjibHas MOJE/]b KOMMYTATUBHOI CUCTEMbl HECaMOCO-
[IPSAZKeHHBIX OIIepaTOpOB U IIOKa3aHO, YTO KOHCTPYKIIMA 3TON MOe/In
bas3mpyeTcs Ha M3yIeHUN HEJMHEHHOM cucTeMbl ypaBHeHuil Tura, JIak-

ca.
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PABEJI 2. AHAJIN3 1 METO/IbI PEIITEHN YA CUCTEMBI
TUITA JIAKCA

Paznen cocrout m3 4 mompasnesnoB, B mnoapaszieie 2.1 msydaercs cucTeMa
HeJIMHENHbIX JauddepeHIua bHbIX ypaBHeHnit Tuita Jlakca B ciiydae, Korja
r = 2, J = I. Illogpazuesn 2.2 10CBsIlIeH KCC/IEJ0BAHUIO JTAHHONI CHCTEMbI
B ciaydae, korja r = 2, J # I. B nonpasnesne 2.3 onmcanbl obiime CBOii-
crBa perernii cucrembr tuna Jlakca npu J = [ u a(x) = 0. B gacrHoCTH,
JIst JII0OOr0 pellieHnst CUCTeMbl Marpuiia ~y(x) YHUTApHO SKBUBAJEHTHA YT
(mpeiozxkenue 2.1), To ectb y(x) 0bpasyeT M30CHEKTPATHLHOE CEMENHCTBO Ca-
MOCOIIPSIZKEHHBIX MaTpull. [Ipm jmokazaTebcTBe UCMOMB3YETCd TEXHUKA Map
Jlakca, BO3HUKIIIasl JIJiss MHTerpupoBaHnn ypasHenns Kia®d merogom odpat-
HOIT 3aj1a9n paccestHusg. A Tak:Ke yKasaH IOMIArOBbIi MPOIECC HAXOXKICHUSI
Bcex pernennii cucrembl (2.26) B mompasiene 2.4 ¢ MOMOIIBIO PE3YJIbTATOB
nojipaszerna 2.3 B ciaydae v = 2, u ecyin a(x) sBJISETCS TOJMHOMOM TIepBOii
CTEeIeHu OT fy(x), OIMCAaH OOINIT B pellleHnil 1 HEKOTOphIe 00IIIe CBOICTBA
cucrembl Tuita Jlakca. Tak ke nccieoBan ciaydail KBaJJpaTUIHON 3aBUCUMO-

cru a(x) or y(x) (npeioxenne 2.4).

2.1. Permienue cucremnl ypaBaenuii (1.22)

npu J=1,r =72

3ydanm BOIpoc 0 pa3permMocTi cucTeMbl ypasHenuii (1.22) B cirydae Korja

: 10
dimFE =2, a J = :
01

[Iycrs a(z) # 0, npudem o9, a(x) > 0, y(x) u v umetor Buj

(2.1)
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rie g; n € R? b(.’E) S R (0 S b(x) S 1)7 C(ZE) € C: 711('%)7 722(1') € R;
y2(x) € C st Beex x € [0,1];
Bameuanue 1. Boibop o9 (2.1) B inaronasbHoil popme He OrpaHnIUBACT

obmiHoCcTH, Tak Kak J = I.

[Iycts a(x) # 0, a(x) — BermecTBeHHas HEYOBIBAIOIIAS OIPAHUYCHHAS
dbyukuus wa [0,1], 0 < | < oo, J = I, npudem o9, a(x) > 0, y(z), v+

3aanbl hopmytamu (2.1). B stom cayvae cucrema (1.22) nmeer Bu:

{ v'(z) = ila(z), 09) ; (2.2)
la(2), (o2a(z) + 1(z))] = E
) 0

0,
, Y(x) uyT umerom eud (2.1) moeda

2
i _ ba)(1 — b(a))

(a@)n—&) +vH —1)| — (1—=2b(x))? "

mo ecezda cywecmsyem eduncmeentoe pewenue cucmemos (2.2), npu-

1. ecaublx) £ = Yz € [0,1]) u

Hem

xr
; (1-2b(t)
i(n— dt
Y f){ () (1-€)+13, -7 )

Y1(z) = Wﬂ, Yoo () = 72+27 Y2() = 71+2€ 3

a

e (1—2b(t))
f}/ig i(n f){( dt

) = O e Ty

)

2. ecau b(x) = % (Vz € [0,1]), mo c(x) =0, y(z) =~ .

Hoxazamenvcmeo. U3 1epBoro cooTHOImeHst CUCTEMBI (2.2) 0Ty dnM

(ﬁyw%xw)_i< 0 (n—@d@>.
Vhal) 2haa) (€—me(x) 0

Takum 0OpazoM, MPUXOUM K TOMY, UTO

L.7}1 (%) = vg9(x) = 0, 3HAUNT, Y11, Y92 — KOHCTAHTHI,
a mvenno, 111(z) = v}, 122(T) = 19 (2.3)

2.912(2) = i(n = §)c(x) (yar(x) = i(€ — n)e(x)).



20

[TepeiijieM KO BTOPOMY COOTHOIIEHHUIO CHCTEMBI (2.2), KOTOpOEe PUMeT B

c(@)7r2(x) — nea(r)e(z) (25(39)—1)712() (n —&)x

xa(x)e(x) + c(x) (73 — i

= 0.
(1 = 2b(x))72(x) + (§ —n)x
xa(@)e(x) + () (i — 1) el@)na(r) — Ta(r)c(r)
To ecTn:
L e(o)Tia(e) — 12(e)e(z) = o

2. (2b(x) = Dya() + c(2) ( ) + 73 = Y1) = 0.
I3 nepeoro ypasaenusi B (2.3) ciieyer, 4To c( )J12 — BelecTBeHHAsT (DYHK-
nust Vo € [0, 1]. [pesmosozxkum, aro b(x) 7é . Eemn 55 = 711, 10 y12() = 0.

Vckaiodast 9TOT TPUBUAJIBHBIN CIydaii, BpraSI/IM 72(x) U3 Broporo ypaste-

Hust (2.4)
) @) (a@)(n =€) + 8 — 1)
Male) = (1 — 2b(2)) ’

na(2)(1 = 206(x))

c(x) = : (2.5)
(a(x)(n = &) + % — 7))
[Iyctn
(1 —2b(x))
y(x) = (n—9). (2.6)
(a(x)(n = &) + 5% — 7))
Tornma Bropoe ypasaerue B (2.3) mpumer BU/I;
Vio(z) = iy(z)712(2),
SHAUNT
i [y(t)dt
Y12(x) = Ae 0 5
Wi, yanTbiBas (2.6)
f (1—2b(¢)) &t
Yia(7) = Ae 0 (a(t)(n O+ -1 ) ’
_|_

rie A — const. Ilpunnmvast Bo BHHManne HadaibHble yeaosus y(0) = v+,

HAXOIUM, 910 A = 7{5, TaKUM 00Pa30M, MOy IUM

f ( (1—2b(¢)) &t
0

’)/12($> — ’)/Ee (t)(n— £)+v22 71"1) . (27)
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Oynknusa ¢(x) B (2.5) npumer BuI:

< (1-25(1))
dt
of(au)(n +13 -1 )

1 — 2b(x ’712
o=t (O‘ (n—&) + 7 — Wfrl)e
)

[Tepsoe ycioBue B (2.4) BBINOJHSIETCST aBTOMATHIECKH. V3 HEOTpHIaTe/IbHO-

cru marpuipl a(z) (a(x) > 0) ciaeyer, uro
b(x)(1 = b(x)) — le(=)[* > 0, (2.8)
TOT/Ia ,
i _ ba)(1 = b))
(a@)n =&+ =) — (1—=26())*
4TO U yTBEPKJACTCA B TeopeMe. []
1
B ciyuae b(z) = 5 TOJy1HM, 4TO c(x) = 0, 112 — const u nodTOMY
v(z) =~ u3z (2.1).
Bameuanne 2. Ecin a(r) = 0, To cucrema ypasuenuit (1.22) Gyer
MMETh BII;
7'(2) = ila(x), o9l ) 2.9)
[a(z),7(2)] =0, ~(z) =~ .
2
1 712 b(x)(1 — b(x))
Torna tipu b(x) # 5 WA Vo € [0, n T < (1= 20(0))? BCe-

rJla CYIIECTBYET €MHCTBEHHOE pellleHne CI/ICTeMbI (2.9), npuuem

+ n =) (1 9p(t
fyll(x) = M1 ’722(:[‘) = Y99, ”)/12( ) Y19 6722 M1 0 :

a
e =6 [(1-2p(t))dt
o(z) = (1 — 2b(x))—2—enh Ja-2ben
Yo2 — V11
1
ecJin b(x) — 5 (Vl‘ - [0, l]), TO c(x) = ()’ ’y(x) — ’Y+-
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2.2. Pemenne cucrembl ypaBaenuii (1.22)

mpu J #1,r=2

Uccnenyem cucremy ypasrenuit (1.22) B cirydae, Korja
10
mmE—z,Lr—<0]>. (2.10)

[Iycrs a(x) # 0, a(x) — BemecTBeHHasT HEYOBIBAOIAS OTPAHITICHHAST (PYHK-

nus wa [0,1], 0 < [ < oo, npuuem , a(z) > 0, v(x), v© umeror Bujy (2.1), a

RS
2 = (ZU) : (2.11)

rie &, n € R, b(z) € R(0<bx) <1),clr) €C, ni(x), y2(r) € R,

Y2(x) € C g Beex x € [0,1]. Hamomuum Bujt cucremsr (1.22):

02

([Ja(2), (020(z) +1(2))T] = 0, € [0,1],
S V()] =i[Ja(x),00J], x€]0,], (2.12)
(7(0) =~

Teopema 2.2. [Tycmwv oy umeem sud (2.11), a a(z) > 0, y(z) u~y* (2.1),

a J, coomeememeenno, — (2.10). Ecau das Va € [0,1] umeem mecmo

w(@)]” + |v(@)|?
CI?

2de v(x) npoussosvraa sewecmeennan GyYHKYUA, o

< b(z) (1 = b(z)),

xT

Ty — vl — 2i(€ 1) / o(t)dt — 2|CPo(x)

0

w(z) = z

8i / o(t)dt +2 (@) (€ + 1) + 95 + 1) -

mo ecezda cywecmsyem eduncmeennoe pewerue cucmemsvs (2.12)

T T

i) =20 [ofdt o o) =20 [ o+,
0 0
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Y2(z) = —c(x) (a(x)@ +n) + 4i/v(t)dt + 1 + 75) — Ca(z),

0
¢

Jlokazameavcmeso. 13 Broporo coorHorerust cucreMbl (2.12):

) — <7_11(w) 712(:6)> i( (@) - (ola) C(:E)(n+£)6)
) ¢ CONE

npu amom c(x) =

M2 () =722 (2 —c(z)(§+n) — ¢ ex)¢ — Ce(

Taxmm 0OpazoM, Mbl TPUXOJIUM K yPABHEHUSIM:

Yi1() = Yao(x) = i (c(2)C — ¢T(w)) ; (2.13)
Ne(@) = ilc(@)(n + &) + ¢). (2.14)

13 yenosus (2.13) caemyer, ato y11(x) 1 Yoo () OTIMUIAIOTCST HA KOHCTAHTY,

KOTOPYIO MOXKHO OIIPEACINTb U3 Ha4daJIbHbIX YCHOBHﬁ, a UMEHHO:

Yoo () = m1(x) + 755 — V17

13 nepBoro yeioBust cucrempr (2.12) nmeem:

[Ja(z), (oaa(x) +~(2)) J] =

c(x)Ca(z) + c(@fiiz(r)—  —c(z) (a(@)(§ +n) + @)+
—n2(z)e(z) —e(x)Calr)  +y(r)) — (:1: — Y12(7)
—c(x) ((@)(€ + 1) + m2)+  —c(r)Ca
+92(2)) — Ca(z) —Fn(z)  +ye(e

[Toryumm cooTHOIIEHMS:

~—r

c(z) (Colz) + T(2)) = () (na2(z) + Calz)) (2.15)

To ectb c(z) ((a(z) + F12(2)) — BemecTBenHast GYHKIMSI, 4TO JIETKO IIPOBE-

pUTH; U

Ti2(z) = —2(x) (a(z)(§ +n) + 2vi1(z) + 755 — 7)) — Calz).  (2.16)
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Banmuiem conpsizkernoe st (2.14) ypaBuenne

Vio(z) = —i (e(z) (€ +n) + ). (2.17)

Vaunozknm (2.14) na ¢, a (2.17) na ¢ u CI0KIM HOTydeHHbIe ypaBHeHHs,

V(@) +455(2)¢ = (€ + 1) (e(@)C — e(@)C) -

B coorsercrun ¢ (2.13), mojsydanm, 9To

Yia(@) +712(2)¢ = (€ + )i ().

[IpounterpupoBaB 3TO paBEHCTBO, MPUXOJUM K COOTHOIIEHUTO

Cn2(@) +72(2)¢ = (€ + )y (x) + Ag, (2.18)

rie Ay — mocrognnas, puaeM A; = (i —I—V_EC — (£+n)v;;- Bocosibsyemcst

paBercTBamiu (2.16) u (2.18):

Cya() +712(2)¢ = (€ +n)yu(x) + Ay,

~C (e(@) (a@)(€ + ) + 290(2) +% = 77) = Calx)) +
+ (—¢(z) (a(@)(E+n) + 2y11(2) + 75, — 111) — () ¢ =
(€ +n)yu(x) + Ay

TOTJIa,

V() = 2ilm (e(x)C) ;
2a(2) (€ + n)Re (c(2)C) + mi(2) (4Re (c(x)C) + € +n) +
+2 (v — 711) Re (c(z)C) + 2|¢a(x) + A = 0.

Bsenem obosnauenne

c(z)¢ = w(z) + iv(z), (2.19)
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TTOJTY UM
(@) = 2iv(2);
20(x)(€ + n)w(z) + y11(2) (dw(z) + & + 1)+ (2:20)
+2 (73, — ) w(z) + 2[¢ a(x) + Ay = 0.
13 nepsoro yeiosus B (2.20) naxognm

’711(17) = 22/?)(t)dt+142,
0

rae AQ — IIOCTOAHHaA, IIPUIEM A2 = ’)/f_l, TO €CTb

1 (x) = Qi/v(t)dt—kvﬂ. (2.21)
0
I3 Broporo yeiosust B (2.20) omnpeesinm
—A; — (@) (€ +n) = 2|¢Po(x)
2 (2711(2) + (@))€ +n) + 955 — 1)

nojcraBuM (2.21), mosydum

w(z) =

T

Tty — 7t — 2i(€ ) / o(t)dt — 2¢[Palx)
w(z) = L . (2.22)

xT

8i / v(t)dt + 2 (a(x) (€ +n) + 75 + 1)

Cornacno (2.19), nmeem

(2.23)

3 neorpunarensnoctn marpuiisl a(z) (a(x) > 0) caeayer (2.8), Torma

¢
w(z)? + o)
17

Taknm obpasom, ycioBne HeorpuraresbHoctu (2.8) marpuipl a(x) mMeer
Bt (2.24). O

< b(x) (1 —0b(x)). (2.24)
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Samevanue 2.1. B ciyuae, korga a(x) = 0, cucrema (2.12) npuobperaer
BUJI

([Ja(@),1(2)]) =0, @€ 0,l]

§ Y (x)J =ilJa(x),00J]], x€]0,l], (2.25)
(7(0) =77

[Tycrs 09 npegcrasiena (2.11), a(z) > 0, y(z) u v* — (2.1), a J, coor-

BercrBerno, — (2.10). Ecaun ms Vo € [0,1] Bemonnsgerces (2.24), rae v(x)
IPOM3BOJIbHAST BelllecTBeHHast (byHKIMsI, a w(x) nmeer B (2.22), TO Beera

CYIIECTBYET eJMHCTBEHHOE pellieHne cucrembl (2.25):
x T

m1(z) = Qi/v(t)dt + i1, Yoo () = 2i/v(t)dt + a5,
0 0

Yi2(z) = —c(x) 4i/v(t)dt+%+1 + 75 | 5
0

1pu 9ToM ¢(x) ompejessiercst cooTHolerneM (2.23).

rak, B ciaydae dim F = 2 onucanbl Bce pellieHls] CUCTEMbI Y PaBHEHHI
(

[Ja(x), (o2a(x) +~(2))J] =0, = €0,1],
§ Y (z)J =i[Ja(x),00]], x€]l0,l],

(7(0) =~

" IpeabdaBJICH UX BU/.

2.3. OO6miue cBoiicTBa perieHunii cucrembl Tuna Jlakca

Paccmorpum 1ojipobHee cucremy Tuia Jlakca Buja

(

la(z),y(2x)] =0, =z €][0,1],
$ Y () = i[a(z), 5], = €]0,1], (2.26)

7(0) =~7,

rie a(z),y(z), o9,y — caMoconpsizKeHHbIE |11 X 7| MATPUIIBI, 1

a(x) >0, tr a(z) =1, x € [0,1]; (2.27)
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DTO COOTBETCTBYET CJIydaro, Korja omneparop Ay - JUCCUIIATUBHBIN, BOJIb-
TEPPOB U MUMEET 7" - MEPHYIO MHUMYIO KOMIIOHEHTY. B 3ToM mojipasaesne s
3aJIAHHBIX CAMOCONPSKEHHbIX [r X r] mMarpuil y© u o9 OmuIleM Bce Mmapbl

caMOCOTpsizKeHHbIX MaTpui-gyuknuii {a(-),v(-)} Takux, aro
v € AC([0,1]; C™"), a € L'([0,1];C™"), (2.28)

¥ BBITIOJTHEHB! ycstoBus (2.26)—(2.27).

Jlemma 2.1. ITyemv mampuya U € AC([0,1]; C™") makosa, wmo ece ee
anemenmos abcomommo nenpepvienve u U(0) — ynumapna. Toeda U(x) ynu-
mapna npu kaxcdom x € [0,1] mozda u moavko moeda, koeda cyuecmeyem

camoconpavicennas mampuya-gynxuus A € L1([0,1]; C™") makas, wmo
U'(x) =iU(x)A(x), x€][0,l]. (2.29)

Joxazameavcmeo. lycers U(x) yanrapaa npu kaxgom € [0, u A(z) =
—iU Y 2)U'(z) = —iU*(2)U'(x). Torma A € LY[0,1];C™") u A*(z) =
i(U'(x))*U(x). Auddepenmupys pasencrso U*(x)U(x) = I, z € [0,1], mo-

Ty 9UM
0= (U'(2))U(zx) + U*(x)U'(z) = —iA*(x) +iA(z), =z €]0,]].

Orcrona cieayer, aro A(-) = A*(-).
[Tycts Teneps U'(:) = iU(-)A(:), tme A(-) = A*(-). Torma o Teopeme

JImyBuis

det(U(x)) = exp (/Oxz - tr A(t)dt) det(U(0)) #0, x €10,

Buaunt, U(r) HeBbIpOKIeHHast MaTpuiia npu kaxjaom x € [0,1], npuuem
Ut e AC([0,1]; C™"). TlosTomy

Az) = —iU N 2)U'(z) n A*(x) =i(U'(2) (U (x))"

Hanee, aast V(+) := (U1(-))* nmeem

~
S
~
I
|
=
S
=
—~
S
N
*
=
8
~—
I

iV(x)A*(x), x€][0,l],
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u V(0) = (U10))* = U(0), Tak xax U(0) ynurapna. Tak kax A(-) = A*(+),
to Marpurb-pyaximn U(+) u V(+) sBISIOTCA pEleHusIMI OJTHON U TOfi 7Ke
sagaqn Komm. [Tostomy mo teopeme emmucrsennoctn V(-) = U(+), 4T0 1

osnadaer yannrapaocts U(+) B cuiy onpenesenust V(+). O

Ham Takzke moHago0uTCa cielyomee KIacCHIecKoe CBOHCTBO maphl JIak-
ca [55].
Jlemma 2.2. [Tyems mampuyvi-pynrwyuu L € AC([0,1]; C™") u A = A* €
LY([0,1]; C™") obpasyrom napy Jlaxca, mo ecmo

L'(x) =i[L(x), A(z)], =« €]0,l]. (2.30)
ycmo danee U € AC([0,1]; C™7) — pewenue caedyrowed sadavu Kowu
U'(x) =iU(2)A(z), x€]0,l], U(0) =1I,. (2.31)
Tozda U(x) ynumapna npu kascdom x € [0,1] u
L(x) =U"(x)L(0)U(x). (2.32)

Jloxasameavemso. Tlonoxxum W(x) = L(0)U(z) — U(x)L(x), = € [0,1].
fcno, aro W € AC([0,1]; C™"). B cuy (2.30) u (2.31) nmeem

=i(L(0)U(2)A(z) — U(z)A(z) L(z) — U(z)[L(z), A(2)))
=i(L(0)U(2)A(z) — U(z)L(z)A(z))
= iW(x)A(z), = €][0,1]. (2.33)

Tak kak W (0) = L(0)U(0) — U(0)L(0) = 0, To u3 (2.33) 1o Teopeme en-
creernoctu Ko ciemnyer, aro W(z) = 0, z € [0,(]. Tak kak A(-) = A*(-) u
U(0) = I,,, ro u3 (2.31) u iemmsr 2.1 crepyer, aro marpuia U(-) — yHuTapHA.
[Tostomy 3 W(-) = 0 caemyer (2.32). [

IMpensioxkenune 2.1. Ilyemv napa {a(-),v(:)} ydosaemesopsem cucme-

me (2.26). Tozda mampuya v(x) yrumapro sxsusasenmna Y+ npu xascdom

z € [0,1].
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Hoxasameavcmeo. U3 ypaBHeHHIl cCTEMBbI BBITEKAET, UTO

% (002 + () =i [pa(x), p'or +y(x)] . w€[0,0], p>0.

[Tosromy camoconpsizkeHHble MATPUIb-QyHKIIn L(-, 1) = oy + v(+) m

A(-, 1) := —pa() obpasytor mapy Jlakca. Ilo semme 2.2
L(z,p) = U (z, u) L0, )U(z, 1), x€[0,0], p>0, (2.34)

rie U(-, i) — Hekoropasi yHuTapHas Marputia~-pyHKins. 3adukcupyem x €
[0,]. Tak KaK 9/eMeHTHI YHUTAPHOI MATPHI[BI 10 MOJLYJIIO HE MPEBOCXOAT 1,
TO Hall/IeTCsl BO3pACTAIONAsT HEOIPAHIIEHHAs [OCJIEI0BATEILHOCTD { iy 1524
Takasl, 4TO CYIIECTBYET IIPEJIeJI ]}Lrgo Uz, pr) =: U(x), KOTOPBIil, 0UeBu/I-
HO, siBJIsleTCsd yHUTapHOil Marpurneii. [lojcrasisia B (2.34) u = py, nepe-
XOJlsl K TIpeJiesty npn k — 00 U yduThiBas oupejenerne L(x, i), moaydanm
v(z) = U*(x)y"U(x), To ectb y(x) yHurapHo 9KBHBaseHTHA ¥ . OTMeTHM,

aro Marpuiia U(x) He eJIMHCTBEHHA U 3aBUCHT OT BBIOOPA MOCJIEI0BATEIHHO-

crn {pr}pe - .

Ham monajioduTes cienyomee KaHOHIYECKOE IIPeJICTaBIeHNne N30CIeK-
TPaJIbHOTO ( C OJJMHAKOBBIMU COOCTBEHHBIMU 3HATCHUSIMMI ) aOCOTIOTHO HEIpe-

PBIBHOI'O ceMeficTBa CaMOCOIPSZKEHHBIX MaTPUIIL.

Jlemma 2.3. Ilycmo v € AC([0,1]; C™"),
v(0) = diag(M I, ..., AsDy,), ri+... Frg=r, (2.35)

2de A1,..., \s — DABAUNHVIE BEUWECTNEEHHDBIE YUCAA, U Mampuua Y(x) yHU-
mapnro sxeusasermua y(0) npu xascdom x € [0,1].

Tozda cyuecmeyem eduncmeertas yHumapHas mampuua-pyruxuyus U €
AC([0,1); C™") makas, wmo

V(@) =U@)y(0)U (), =€l0,l],  U() =1, (2.36)

u mampuua-gynxuua U—L()U' () umeem nyaesyro 6aounyro duazonans om-

HOCUMENDHO PA3SNAONHCEHUA

C=Cte...0C"-. (2.37)
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Jlokazamenvcmeo. Jlokaxkem —cymecrBoBanne marpullbl-yaxiun U (+).
[Iycts {e1(x), ..., e (x)} — opronopmupoBanmbIil 6a3nc 13 COOCTBEHHBIX BEK-
TopoB MaTpuiie! y(z), tae ex(x) = col(e1x(x), ..., ex(x)), x € [0,1]. Tax kak
v € AC([0,{];C™") u ee crekTp He 3aBHCUT OT T, TO 9TH BEKTOPa MOZK-
HO BbIOPATh abCOJIIOTHO HENPepPbIBHBIMIE 110 x. CXeMaTHYHO, JI0KA3aTe/IbCTBO
5Toro (akTa COCTOUT B CJeyIoleM: cHadasia [47], ycranaBiuBaeTcss abco-
JIIOTHAsI HEMPEPBIBHOCTH MPOEKTOpa Prcca Ha COOTBETCTBYIOINEE COOCTBEH-
HOE MOJIIPOCTPAHCTBO; 3aTeM, cieys [47| Jlerko mokasarTh CyIecTBOBAHIE
abCOJIIOTHO-HEITPEPBIBHOI TpaHcopMuUpyIolieil (pyHKINHI, TT0 KOTOPOii Oy/1eT
CTPOUTBCST HCKOMBIi 6a31C 13 COOCTBEHHBIX BEKTOPOB YKA3AHHBIM CIIOCOOOM.
Haqee nooxxnm W () := (ejx(+))} 5= Torna marpuna-dynxmma W(-) yuu-
tapua, y(x) = W(x)y(0)W*(z), x € [0,1], u W € AC(|0,1]; C™"). Tak kak
W (0) kommyTupyer ¢ y(0), ro U(-) = W(-)W~1(0) — abcoorno nernpepbis-
Hasl yHUTapHas MaTpuila-QyHKINs, yaoBaeTBopsiomast (2.36).

Hanee nonoxnm C(x) := —iU Y (2)U'(z), To ectv U'(z) = iU(x)C(z),
z € (0,1]. o memme (2.1) C(-) = C*(+). Ilycrs

CC) = (Ci(Nipmrs O € LN[0,1;C7™), jke{L,...,s},
uV € AC([0,1]; C™") pemienne Hada bHON 3a1a91
V'(z) =1V (x)Cy(x), =z €[0,1], V(0) = I,

rie Cy(+) = diag(Chi(+), ..., Css(+)) — 6mounas quaronass marpuis C(+). Ilo
aemme (2.1) marpuna V(x) — ynurapna npn kaxzgom x € [0,1]. Iomoxnm

U(-) = U(-)V*(-). Jlerko nposepurs, uto

~

U'(z) =iU(z)C(z), ze€l0,l], U0) =1,

rie C(z) := V(2)(C(z) — Cy(2))V*(z), z € [0,1]. Kpome toro, U(-) yrurap-
Ha KaK [POU3BEJIEHNe YHUTAPHBIX MaTpuil. V3 6J109HO-[HaroHaIbHOrO BU/Ia

Cy BBITEKaeT, 9T0 V — TakzKe OJI0UHO-IuaroHajbHa;

V =diag(Vi,...,V,), Vie AC([0,];C*5), je{l,...,s}. (2.38)
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[Tostomy V(:) wommytupyer ¢ (0), u, 3HAUINT, (7(3:)7(0)(7*(.7;) =
U(z)y(0)U*(x) = v(x), z € [0,1]. U3 (2.38) Tak:ke BbITEKAET, 4TO MATPHUIIA
C (x) umeeT HyJIeBYTO OJIOTHYTO IHATOHAJIb OTHOCHTEILHO pasJioxkenus (2.37).
ostomy U (+) uckomasi yHUTapHas MaTpHUIA-QYHKIINS.

Tenepb nokazkem, 4to Takast Marpuna-gyakiuusg U(-) ejauHCTBeHHAs.
[Tycts jse yauraphubie Mmarpuiibi-byuakiun Uy, Uy € AC([0,1]; C™7) yiaosiie-
TBOpsAIOT (2.36) 1 Marpuna-byukims C;(-) 1= —z’UJ.’l(-)U;() MMeeT HYJIeBYIO

OJIOUHYIO JIMArOHAB OTHOCHTEHHO passoxkernus (2.37), j € {1,2}. Torua
v(z) = Ur(z)y(0)U] (2) = Uz(x)y(0)U3 (), =« € [0,1].

[Tosromy marpuna V (z) := Us (2)Ur () xommytupyet ¢ (0). Tax kax qncia
A1, .+, Ag PA3JIMYHBL, TO U3 9TOr0 BbITEKaeT, 4To jjist V() BbiosiHeno (2.38).

13 onpenenenns marpur Cp(x), Co(x) n V(x) cremyer, aro
V'(z) =i(V(2)C1(z) — Co(z)V (z)), =z €][0,1]. (2.39)

Tak kax V(-) 6mouno numaronasnbha n marpuibl Cp(x), Co(x) nmeror nHyste-
BbIe OJ104HbBIe naronasn, 1o Mmarputa-pyuknus ¢(V Cp — CyV') Takke nmeer
HYJIEBY1O OJIOYHYIO JMArOHAJL OTHOCHTEIHHO passioxkenns (2.37). [Tosromy

m3 (2.38) u (2.39) BBITEKAET, UTO

Vi(z) =0, z€l0,l. (2.40)

Taxk kax V(0) = Us(0)U;(0) = I, To u3 (2.40) u (2.38) cuemyer, 9to
V(z) = I, x € [0,1]. Hosromy U;(z) = Us(x), x € [0,1], u equncTBeH-

HOCTD JIOKa3aHa. ]

Teopema 2.3. IIycmo
v =diagMI,, ... AD), T . T =T (2.41)

2de A1, ..., As — PABAUMHDLE BEWECTNEBEHHBLE YUCAA.
Tozda das mobozo pewenus {a(-),v(:)} cucmemw (2.26) cywecmeyem
eduncmsennan ynumaphas mampuya-pynxuus U € AC([0,1]; C™") maxas,

wmo

y(x) =U(z)y U (x), = €]l0,l], U0) =1, (2.42)
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a mampuya-pynxyus C(+) == —iU L )U'(+) asasemea camoconpasceniot

U UMEEM HYAEBYI0 OA0UNYI0 JUAZOHAAD OMHOCUMEAHO padaoccenus (2.37).

IIpu amownm,
a(x) =U(x)A(z)U(x), x € 0,1], (2.43)
ede
A() = diag(A(),..., A () = A°(), (2.44)
A; € LY[0,0);C),  je{l,...,s}. (2.45)

Kpome mozo, daa B(x) := U*(x)o2U(x) ewvinoaneno

[C(2),7"] =[A(x), B(z)], = €][0,1], (2.46)
B'(z)=i[B(z),C(x)], z€[0,]], BO)=o0y  (2.47)

Obpammno, ecau OAfL CAMOCONDANCEHHBLT MAMPUY-PYHKUUL
A,C e LY([0,1];C™"), B AC([0,1];C"™"), (2.48)

sunoanero (2.44), (2.45), (2.46), (2.47), u U € AC([0,1]; C™*") — pewenue

HAYAAHOT 30004
Ux) =iU(x)C(x), z€][0,1], U) =1, (2.49)
mo U(x) ynumapna npu kascdom x € [0,1],
B(x) = U*(x)oU(x), €0, (2.50)

u napa {a(-),v(+)}, sadannan popmyramu (2.42), (2.43), asasemes peue-

nuem cucmemos (2.26).

Hoxazameavcmeo. Ilyers mapa {a(-),y(-)} aBagercs perennem cucre-
MbI (2.26). Torma o mpeyioxkennto 2.1 marpuria y(x) yHUTAPHO SKBIBAJICHT-
Ha vt = 4(0) npu kaxjom x € [0,1]. ITo jiemme 2.3 cyinecTByeT eJnHCTBEH-
Hasi yautaphas marpuna-byuakius U € AC([0,]; C™") rakasi, 4T0 BBIIOJI-
neno (2.42) n marpuna C(z) = —iU 1 (2)U'(z) umeer uHyneryio 6/104myIo

JTMArOHAJIbL OTHOCHTEbHO pasiokenus (2.37). [To gemme 2.1 C() = C*(+).
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[Monoxxum A(z) := U*(z)a(z)U(x), x € [0,1]. Torga u3 nepsoro ypasHeHust
cucrembl (2.26) BoiTekaer, uro A(-) kommyrupyer ¢ v . Tak Kak A, ..., Ag
pasJImdHble YKcia, To U3 Buja 7y caenyer, uto A(-) 6JI0YHO JUaroHa/bHA,
TO €CTh BBINOJIHEHO (2.44)—(2.45).

I3 pasencrs (2.42), (2.43), oupegenenust marpur; C'(x), B(x) u yaurtap-

rHocT MaTpurbl U(x) BBITEKAET, ITO

a(zx)U(z) = U(x)A(z), ~(x)U(x)=U(x)y", xe€[0,1], (2.51)
U'lz) =iU(x)C(z), oU(x)=U(z)B(z), xe€][0,1]. (2.52)

[Iposepum pasencrsa (2.46)—(2.47). Tak kak U € AC([0,1]; C™"), 1o
B e AC([0,1]; C™"). [Tosromy, mudepeHnnpysi Bropoe paBeHCTBO B (2.52)
¢ yaerom (2.51)—(2.52), mosyaum

iU(2)B(2)C(z) = iooU(x)C(x) = 0oU'(x) = U'(2) B(x)
+ U(z)B'(x) =iU(x)C(x)B(x) + U(x)B'(z), =z €][0,1]. (2.53)

Tak xkax U(0) = I, to B(0) = 0y. C yuérom sroro u3 (2.53) sorrekaer (2.47)
B cmty obparumoctu mMarpuiiel U(x). danee nz Broporo pasencrsa B (2.26)

u paBeHcTB (2.51)—(2.52) caenyer, 4ro

U (2)[A(x), B(x)] = ia(z), 02]U (z) = 7'(2)U(z)
= U'(z)y" = y(2)U'(x) = iU(2)C(x)y" — y(2)il (z)C(x)
=iU(x)(C(x)y" — 7 C(x)), x€]0,1], (2.54)

z)
)
oTKysa caeayer (2.46).

Tenepnb mpoBepum obpatroe yrBepK/ienue. [lyers myst maTpur-dyHKImit
A, B, C u U Bomosneno (2.44)—(2.49). o nemme 2.2 u3 (2.47) u (2.49) ciey-
er, uTo Marpuna-gyuknus U(+) — yHUTapHa, U BBIIOJIHEHO paBeHCTBO (2.50).
[Iposepum, uro mapa {a(-),v(:)} yaosaersopsier cucreme (2.26). Pasencrso
la(x),v(x)] = 0 ciemyer u3 6y09HO-qUAroHa bHOTO Bitga MaTpui A(z) m ™.

Tak kak U(0) = I, ro v(0) = ~". IIpoBepum BTOpoe pasencTso B (2.26). Tak

Kak pasercTBa (2.51)—(2.52) BeimosiHeHbl B HameM ciaydae, 1o st © € [0, (]
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nMeeM

V(@)U(x) =U'(x)y" —v(@)U'(2) = i(U(z)C(z)7" = y(2)U(z)C(x))
= iU (2)[C(x),7"] = iU(2)[A(z), B(z)] = i[a(z), 02]U ().

Tak kak U(x) obparuma, T0 BTOpoe paBeHCTBO B (2.26) BBINOJHEHO, UTO U

3aBepHiacT AJO0Ka3aTEJIbCTBO. ]

Sameyvanue 2.2. (i) Yeiosue (2.41) sBiisiercst JUIIb YCJIOBIEM HOPMIPOBKI.
Bribupas coorBercTByfomuii oproropmuposanubiii 6asuc B C", Mbl Beerja
MOZKeM TIPUBECTU MATPHILY 7y K TAKOMY BH/LY.

(ii) B ypasuennsix (2.46)(2.47) moxkno uzdasurcs ot C(x). A nmenro,
ecin B(+) = (Bj(-))j =1 1 C(-) = (Cji(+))5 4=y — Os10unbIe UpejCTaBICHN
marpui-yuximit B(-) n C(+) orHocuTe bHO pasnoxkenus (2.37), To ypaBHe-
e (2.46) ¢ yaeToM 6109HO-MaroHaabHoro Buja Marpui v+ n A(z) npumer

BIJT

Cir(x) = (A = \) ™"+ (A;(2) Bjg(x) — Bjr(x) Ag(x)),
rel0,l, jkef{l,....s\ j#£k (255

[Toncrasnsst (2.55) B (2.47) moydnM HEKOTOPYIO CHCTEMY OOBIKHOBEHHBIX
nuddepeHnuaibHbIX ypaBHeHuit Ha, B () C IIPaBOil 4YaCTHIO 3aBUCAIICH KBAJI-
pPaATHYIHO OT JIEMEHTOB MaTpuilbl B(x).

(iii) C yuerom mpebLaymux 3aMedanuii, reopeMa 2.3 J1aeT CJIeyoILyo

MOIIIATOBYIO MIPOIE/IYPY JIJIsi HAXOXK/IEHHsT BCeX periennii cucreMbl (2.26):

1. Boibupaem opronopmuposanublii 6asuc B C", B KoTopom Marpuma v

MMeeT JuaroHaibHbiil Bu (2.41).

2. Beibupaem mpomnsBosibHyo MarTpuily-yHKIHO A(:), yIOBIETBODSIO-
nyio yesaosusaM (2.44)—(2.45).

3. Pemaewm 3ajauy Korn jiuist HeJimHetHON cucTeMbl OOBIKHOBEHHBIX JIN-
dbepeHInaIbHBIX ypaBHeHUH Ha Marpully B mojaydennyo u3 (2.46)-

(2.47) B IIpeBLIYIIEM 3aMeYaHNUH.
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4. Eciu ona nmeer ryobaiibHoe perienne Ha orpeske [0, [], To Bbranc/isiem
marpuity C(z) mo dopmyse (2.55), mojarast eé juaroHajbHble OJIOKH
PABHBIMHU HYJIIO.

5. Haxomum U(-) xak emuHcTBeHHOE perienne 3ajadn Kormn (2.49) s
CHCTEMBI JINHEHHDBIX OOBIKHOBEHHDBIX MM hEPEHIAIBHBIX YPABHEHHI.

6. Haxowner, noiyaaem pemterne {a(-),v(:)} cucrempr (2.26) o dpopmy-
nan (2.42)(2.43).

Bameuanne 2.3. fcno, aro ecan {a(-),v(-)} xakoe-imboO perrenne cucTe-
et (2.26), To {a(-),v(-)}, rne a(z) = a(z) + (1 —tr a(z)), z € [0,1], Taxxke
sIBJIsieTCst perierneM cucrembl (2.26), mpudem tra(-) = 1. Yenosue a(-) > 0
PaBHOCHUJILHO

tra(x) —1

a(r) > —— € [0, 1]. (2.56)

Takum obpaszom, ecan {a(-),v(-)} — pemenne cucrempr (2.26), y1oBIeTBODSI-
forriee yestomio (2.56), To mapa {a(-),y(+)} yaosnersopsier n cucreme (2.26),
u yesoBuio (2.27).

Yrober obecreunTh yeiaoBue (2.56) B pamkax IPOTEIYphbl YKa3aHHOM
B samedanun 2.2(iii), HEOOXOIUMO BBIOUPATH VIOBJIETBOPSIONLYIO YCIOBU-
su (2.44)—(2.45) marpuiy-dyukimio A(-) Tak, IT00bI OBLIO BBITOIHEHO CJIe-

JyHoIee yCJI0BIe
A()>1 StA() ! €0, ke{l } (2.57)
x/—g rAd;(r)— -, =« 1, ey St :
' e ! r

3ameuanue 2.4. Ilycrs a(z) = (a;,(v))] ;- Jlerko Bujers, uro us yeio-

Bust (2.27) coemyer, 9o
lain(z)| <1, ze€[0,d], jke{l,....r} (2.58)

[Tosromy st JirobGoro pertternst cucreMbl (2.26), yI0BIETBOPSIONIETO YCJI0-

BUIO (2.27), BBITOJHEHO
v € Lipy(]0,1]; C™"), a € L>([0,1];C™"). (2.59)

Ho wmam ymobueit permars cucremy (2.26) B pamkax 06oJiee 0DIIEro ycJio-
Bust (2.28).
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ITpennoxxenune 2.2. I[lycmv G — obwee unsapuanmmoe noonpocmpaHcmeo

dns mampuy, oy uy T u cnexmpos cyorcenuit Yt [q, vt (gL ne nepecexaromea.
Tozda das mobozo pewenua {a(-),y(-)} cucmemv (2.26) nodnpocmpancmeo

G asasemes unsapuarmuoim oas a(x) u dasa y(x) npu xascdom x € [0, 1].

Jlokasameavemso. Ilycrs dim(G) =:mq € {1,...,r — 1} u mg :=1 — my.
Tak kax GG MHBAPUAHTHO JIJIs Y U sl 09, TO BBIGUpAs COOTBETCTBYIOMIHUIL

OpTOHOPMUPOBaHHBIH 6a3uc B C" MBI MOKEM CUNTATE, 9TO JIJIsA ' BBIIOJIHE-
Ho (2.41)

o091 O
P . og €CMM e {1,2). (2.60)
0 o092
[Tpu 3TOM, TaK Kak CHEKTpHI CyzKeuuit v [¢ u v" [4L He mepecekaloTest, TO
st Hekotoporo p € {1,...,s — 1} BeimosHEHO
mi=ri+...+7rp, Me=Tp+ ...+ (2.61)

[Tycrs {a(:),v(-)} — pemenue cucrembr (2.26). Tak xkax st ¥ BbIIOS-
HeHo (2.41), To MO Teopeme 2.3 HAWIYTCSA CAMOCOIPSIZKEHHBIE MaTPHUITHI-
dbyuknuu A(-), B(:), C(-) n yanrapnasi marpuna-dyukius U(-) Takue, 910
BbITOIHEHO (2.42)—(2.50). [Tycrn

Blay — (200 Bl gy (Cul@) Crl@)).
BQl (.I) BQQ(.I) Cgl(x) CQQ(.I)

os10unOe Tipesicrapienne Marpull B(xz) n C(z) OTHOCHTETHHO Da3JI0KEHUST
Cr=C"™ @ C™. Torna us (2.47) u (2.60) cieayer, 9o

Biy(z) = i[Bi1(z), Cra(z)] + i[Bia(x), Coa(2)], @ € [0,1],

~ (2.62)
Bis(0) = 0.

B cuny (2.55) marpuna Cji(-) mumeiino sbipazxaercs depes Bi(-), j, k €
{1,2}. [lostomy (2.62) npemcrasiser coboit 3agady Ko ¢ HyseBbIME Ha-
JAJBHBIME JTAHHBIMU JIJIsT CHCTEMbI JIMHEHBIX 0OBIKHOBEHHBIX jindepen -
ATTBHBIX ypasentii na MaTpuity Bis(-). [T09TOMY 10 Teopeme e uHCTBerHO-
crn Byo(+) = 0. B ey (2.55) Cha(+) = 0. A max kax marpuns: B(+), C(+) ca-

Mocornpsizkertbie, To Byy(+) = Ca1(+) = 0. Toraa mo reopeme e [uHCTBEHHOCTH
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u3 (2.49) creayer, To U(+) umeer 6J09HO-THATOHATBHBII BIJ OTHOCHTETHHO
paznoxkennst C" = C™ @ C™. B cuny (2.61) marpura A(-) Takzke mMeer
0JI0IHO-IMarOHAJIBHBIH B oTHOCcUTEebHO pasioxkenns C' = C™ ¢ C™2.
[Tosromy u3 (2.42)—(2.43) ciemyer, 9ro TO ke BepHO iyt MaTpuit Y(-) u a(-),
4To 1 03HAYaeT, 4To G SABJIAETCH MHBAPUAHTHBIM [10/[IIPOCTPAHCTBOM U JIJIst

(), 1 st a(-). O

Jlemma 2.4. Ilyemo v umeem npocmoti cnexmp u {a(-),v(+)} — pewe-
nue cucmemvi (2.26). Tozda natidymesa makue eeuecmeenmnvie GyHEGUL

Ko, K1, ..., Kr_1 € L]0, 1], umo evinoaneno paserncmeo
a(x) = k1 (@)y(@) L R(2)y(2) + Ko(x), 2 €[0,1].  (2.63)

Jlokazameavcmeo. B cuny npepioxkenus: 2.1, marpuna () YHUTAPHO 9K-
suBasienTHa Yy npu Kaxkaom x € [0,1]. Tlosromy () siBsiercst camocompsi-

JKeHHOII MaTPUIeil ¢ IPOCTHIM CIICKTPOM,

c(v(@) = o(v) = e A A< < A

KoMmmyTaHT Takoil MaTpUIIbI COBHaJAeT ¢ ajarebpoii Bcex pyHKIMIT OT Hee.
[Tosromy a(x) — dyukius ot (). Tak kax y(x) — Marpuna 7 X , T0 J0bas
(byHKIIS OT Hee sABJIsIeTCs OJIHOMOM CTeleHn He Bbiie r— 1. 3uaqnt, (2.63)
BBITIOJIHEHO JIJIST HEKOTOPBIX (PYHKIMWN Ko, K1, - . ., Kr—1. 1JOKayKeM, 9TO 9TH
(YHKIII MOXKHO BBIOPATH BEIECTBEHHBIME U CYMMHUPYEMbIMIL. Kak m3Bect-
HO, coOCTBeHHBbIe 3HaYeHUsT (i1(X), . . ., i,y (2) MaTpuIp! a(r) MOKHO BHIODATD
cymmupyembiMn 110 2. ITo Teopeme 06 oToOpazkeHn# CIIEKTPa MbI MOZKEM CHH-

TaTb, 9TO
() = mra (ONT k(DM Ro(), ke {l. . r) (2.64)

Tax Kak quciaa A, ..., A, Pa3aIHbl U BEIleCTBeHHbI, TO 3 (2.64) BbITeKaer,

qTO
Kjk() = Oéklﬁbl(-) + ...+ akTﬂr('), ke {07 1,...,r— 1})

JIJIs HEKOTOPBIX BEIIECTBEHHBIX dncest ay;. [lostomy ry € LY0,1] u Beme-
creenno, k € {0,1,...,r —1}. O
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Sameuanue 2.5. Jlasee Mbl OyjieM OIUCHIBATEL pelieHust cucrembl (2.26) B
cJIydae MOJIMHOMHATBHO 3aBucHMocTH a(x) OT Y(Z), TO €CTh MPU BBITOJIHE-
rnn pasenctsa (2.63). C yaerom (2.64) nepasenctso (2.56), obecrieansaioniee

BBIXOJ[ Ha ycaoBue (2.27), B 9TOM ¢jIydae PaBHOCHIBHO CJIEYIONEMY
7“:uk(x) 2#1(@"“"%(%)_17 LS [071]7 ke{la'-wr}'
Jlemma 2.5. [Iycmov

oy =diag(bily,,...,bsl.), T1+...+rs=T
7+:<7ﬁ)§,k:17 fy;;g € erxrkv jak S {17"'75}'

ITyemw danee napa {a(-),v(-)} ydosaemsopaem cucmeme (2.26), npuuem

7(3:) = (f}/jk(x));,k:b ’yjk(x) S (erxrka ja ke {17 SR S}

Tozda
i) =5,  xel0d], je{l,... s} (2.65)

oxasamenvcmeo. U3 Buga oo ciejryer, 9To

ila(z), 2] = (Y ()i ezr,  yp(z) € C% Gk € {1,... s},
pUYeM
yjj(a:):O, T € [O,Z], jE{l,...,S}.

Ho TOrla U3 BTOPOI'O YpaBHEHMA CHUCTEMDBI CJedyeT, 9YTO

V@) =0, wel0l, je{l...sh
[Tosromy u3 HagasbHoro yeaosust y(0) = v ciaemyer (2.65). O

Jlemma 2.6. [Tycms uau oo, uiu Yo ABAAEMCA CKaAAPHOT mampuyet. To-
eda obwee pewenue cucmemuvi (2.26) umeem eud {a(-),y*}, 2de a(-) — npo-
UBBONOHAA CAMOCONPAHCEHHAA CYMMUPYEMAA MAMPUYA-PYHKYUA, KOMMY-

mupyowas u ¢ oy, u ¢yt
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Joxazameavcmeo. Ecim 4T — ckangdpHas MaTpuna, TO B CHIY HPEIIOZKe-
aus 2.1, y(x) =T, x € [0,1]. ITosromy yesosue [a(z), v(x)] = 0 BbinOIHEHO
JTst JTE00OM MaTpHUIbI-OYHKINN a (), & TaK Kak () — IMOCTOsIHHAST MATPUIIA,
TO TepBoe ypaBHeHnue cucreMsl (2.26) mpumer Buj [a(z), o9] = 0. Ilostomy
oblee pereHne CucTeMbl UMeeT TpebyeMblil BUI,.

Eciu ke 09 — cKajisipHast MaTpuIila, TO TI€PBOe yPaBHEHUH HMPUMET BHI
v (z) = 0. [Tosromy ousits y(z) = 4", & € [0,(], u Bropoe ypasuemnuii npumer
Bu [a(x), "] = 0. [Tosromy 1 B 3TOM citydae obIiee perieHne CUCTeMbI HMeeT

TpeOyeMbIil BU/I. []

2.4. Ommcanue penreHnii cucreMbl Tuia Jlakca B ciy-

Yae JUHEWHON M KBaJIpaTUYHON 3aBUCUMOCTH a(T)
oT ().

Ipennoxenne 2.3. I[lycmov ko, k1 € LY0,1] — sewecmeennvie dynryuu.
Tozda napa {a(-),v(-)}, 2de a(x) = ki(x)y(z) + Ko(z), x € [0,1], Acanemca

pewenuem cucmemot (2.26) mozda u moavko mozda, kozda
v(z) = e~ iK(@)oz At eiK(:c)az’ K(z):= / ki(t)dt, x€][0,1]. (2.66)
0

Jloxasameavemeso. Ecin a(z) = k1(x)y(x) + ko(x), T0 [a(z),v(x)] = 0 ps

moboro y(x). [losromy cucrema (2.26) npumer Bu

() = i£ﬁ1($)’7(33>a02]> z € [0,1], (2.67)

y

910 3aada Ko st cucreMbl JIMHEHHBIX OOBIKHOBEHHBIX JbdepeHIiu-
AJIbHBIX YDaBHEHUIl, I OHA NMEET eJMHCTBEHHOE pereHne Ha orpeske [0, [].
[TpoBepum, ato v(x), 3amantoe hopmy.toii (2.66), sBiIsieTcs: peleHneM CucTe-

Mot (2.67). Tak xkax K (0) = 0, To HavasnbHoe yeaosue y(0) = 4 BbiosHeHo.
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anee nmeem

7/(1’) = —i/€1($)02 : (6_iK(x)02fy+eiK(fC)02)

+ (eiK(z)og,y+eiK(:r)02) . ’i/ﬁ)l(.fC)UQ

=ilk1(x)y(x), 09] = ila(z), o9]. (2.68)

[TosTomy mepBoe ypasuenue B (2.67) Takxke BeiosHeHO. DAKT €AMHCTBEHHO-

CTH pelIeHns 3aBepIiaeT JI0Ka3aTeIbCTRO. ]

CrnenctBue 2.1. I[Iycmv v = 2. Ecau \y = Ay, mo obwee pewerue cu-
cmemvt (2.26) umeem eud {a(x),y*}, 2de a(x) — npoussoavnas camoco-
NPAACEHHAA CYMMUPYEMAA MAMPUUG-PYNKYUA, KOMMYMUPYIOWAA C Ty NPU
Kastcdom x.

Ecau oice Ay # Ao, mo obwee pewenue cucmemnv, (2.26) umeem 6ud
{a(z),v(x)}, 2de a(x) = k1 (x)y(x)+Ko(T), Ko, k1 € LY0,1] — npoussonvrvie

cymmupyemovie sewecmeennvie Gynkuuu, a y(x) 3adano gopmyaot (2.66).

Jlokazameavemeo. Ecmm Ay = Ao, T0 ¥ — cKassipHast MaTpuma u yTBeprK 1e-
Hue ciaejyer u3 jieMMbl 2.6. [Iycrh Tereps A1 # Ao. Ilo mpemyioxkennio 2.3
ykazantasi B ¢opmysnposke mapa {a(z),y(x)} sBisiercst pereHuem crcre-
Mol (2.26). Pacemorpum Teneps npomssosibioe perenne {a(x),y(x)} cucre-
Mbl (2.26). Tak kak 4" — caMoconpsizKeHHass MATPUIA C TIPOCTHIM CIIEKTPOM
10 110 Jiemme 2.4 Boinojiaero a(x) = ki(x)y(x) + ko(x), x € [0,1], s Heko-
TOPBIX BEHIECTBEHHBIX Ko, k1 € L'[0,1]. B cuy npepioxenus 2.3 jist y(x)

BBITIOJIHEHO (2.66), ITO 1 3aBepHIaeT JOKA3aTeIbCTBO. O

Tax Kak 09 — caMOCOIPszKeHHasT MaTPUIla, TO OCYIIEeCTBIIAS 3aMeHY Op-
TOHOPMHUPOBAHHOI'O 0a3mca, Mbl MOYXKEM CUUTATb, YTO 09 — JUArOHAJIbHA,
09 = diag(bl, ceey br)

IIpensioxkenune 2.4. [lycmv o9 = diag(bil, ,bol,,), 11+ 719 =17, U

Ny

= R e T Gk e {1,2)
V21 V22

Iyemv danee kg, k1, ke € LY0,1] — sewecmeennvie dynxuuu. Tozda napa

{a(-),v(")}, 2de a(x) = ka(x)y(x)* + K1 (2)y(x) + Ko(T), © € [0,1], Acasemea
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peweruem cucmemuvi (2.26) mozda u moavko moeda, koeda
0 T
O SN NPT ) (2:69)
M2(2)" Y2

2de

712(-T) — ei(blfb2)(K1(x)+K2(l")’Yf—1) } 71+2 . ei(blbe)KQ(x)’Y;E, (270)

Kj(z) = /0 ki(Ddt, je {1,2}. (2.71)

Hoxazameavcmeo. Tak kax a(x) kommyTupyer ¢ y(x), To cucrema (2.26)

IIpuMeT BHJL

v (x) = ilra(x)y(2)? + ki (x)y(x), 00], € 0,1],
7(0) =~7,

[To temme 2.5 1151 J1F060T0O peIIeHns CUCTEMbI BBIITOJIHEHO

(2.72)

+ T '
’7(1‘) — 711 . 7125— ) 7 fyjk(x) e CTjXTk’ 37 k, 6 {1’ 2}
T12(2)" Y22

Torga ¢ yaerom 6j109HOI cTPYKTYDBI 09, ¥ 1 y(x), cucrema (2.72) npumer

BUJ

M2(®) = i(by = ba) (ka(2) (Y 712(2) + M2(2)70) + K ()72 ()
12(0) = 75

(2.73)
Taxum obpasom, Ha Y12(+) Mbl nuMeeM 3ajadqy Komu /i CHCTeMbl JIMHEHHBIX
OOBIKHOBEHHBIX JnddepeHnuaibibX ypapaenuil. Jduddepeniupys dopmy-
ay (2.70) ayist y19(x), JIETKO MPOBEPHUTD, YTO TaKast MaTpuia-pyHKIUs Y1o(-)
yiosaeTBopser cucteMe (2.73) (cpasuute ¢ (2.68)). Tak kak pererne 91oit

CHUCTEMBI €JINHCTBEHHO, TO BCE JIOKA3aHO. ]

2.5. BbIBoJbI K pa3zaeny 2

1. Ilosyuenn! siBHble (DOPMYJIbI, BbIparKalollle pelleHre CHCTEeMbl THUIIa

Jlakca (2.2) B ciaygae r =2 u J = I (Teopema 2.1).
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[Ipenbspieno perenne 6osee obimeit 3agaun (2.12) B ciaydae r = 2 u
npon3BosibHOM J (Teopema 2.2).
[Tostyweno ommcanme OONMIX M30CHEKTPAIbHBIX CBOWCTB pelieHnii cu-

crembl (2.2).

Ycranosseno, 9to cucrema (2.26) crenuasbHON 3aMeHOH CBOJUTCS K
cucreMe OOBIKHOBEHHBIX (b depeHInaJ bHbIX YPaBHEHU ¢ KBaJpa-
TUYHON MpaBoil YacTbio (TeopeMma 2.3, 3amedanue 2.2).

YKazaH IOMIATOBbLII MPOIECC ¢ MOMOIIBLI0 TeOpeMbl 2.3 HaXOXKICHUSI
BCex perenuii cucremsr (2.26).

Omncanbl pertiernsi cucreMbl (2.26) B cirydae JIMHEITHON 1 KBaipaTHy-
noit 3apucnmoctn a(x) or y(x) mw r = 2 (npemiokenne 2.3, cie-

creue 2.1).
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PA3/EJI 3. PEINTEHNA CUCTEMBI TUITA JIAKCA

JlaHHBIIT pa3jies1 MOCBSIIEH OIMUCAHUIO N3YydaeMOl CUCTEMbl HeJTMHEHHBIX
ypaBHenuit (2.26) B ToM ciydae, Korja MaTpuria-yHKIws a(r) uMeer mpo-
CTOM creKkTp u sBisgerca nosnaomom k crenenu (K < r — 1) or vy(x) co
CKaJIIPHbIMU Ko dunnenramn 3apucdimumu or . B noapasgene 3.1 npu
r = 3 u nojipazjiesie 3.2 upu r = 4 Mbl UcCCJeyeM ciaydail KBaJpaTUIHO
sapucnmMoctn a(x) ot y(x). Haxopnm Bujt Beex permennit cucremsr (2.26) npu
r = 3, Korja MaTpHla 09 MMeeT KPaTHDLI CIIEKTD, a MaTpuia ' uMeer
pocroit ciekTp. A B nojipasene 3.3 npu r = 4 usydeHa Kybudeckasi 3aBu-
cumoctb Marpuibl-gyukinnu a(x) ot y(x). Ilonyuenusle pe3ynbraTsbl Jar0T
sBHBIE peIIeHns HeJIMHEeWHON cucTeMbl ypaBHeHn Tnna Jlakca B TepMunax

CHIeNATBHBIX (DYHKITHI (9T THIECKIX ).

3.1. Omnmcanme penienunii cucrembl Tuia Jlakca nmpm r = 3

I3 jiemMbl 2.4 1 npeioxKennst 2.4 Ternepb BLITEKAET OIMUCAHUE BCEX PeIeHuii
cucreMbl (2.26) B ciiydae r = 3, IPOCTOrO CIIEKTPa MATPHIBL YT U KPATHOIO
CIIEKTPa MATPUIIBI 0.

Caencreue 3.1. [Tycmv r = 3, 09 = diag(by, by, by) u ' umeem npocmot
cnexmp. Tozda obwiee pewenue cucmemor (2.26) umeem eud {a(-),v(-)}, ede
a(z) = ko(x)y(2)? + K1(2)y(2) + Kolx), € [0,1], Ko, k1, k2 € LY0,1] -
NPOU3BOALHBLE CYMMUPYEMBIE BeuLeceenHbie Pynkyuu, a () sadaro dop-
myaamy (2.69)—(2.71),

Teopema 3.1. I[lycmv r = 3, 09 = diag(by, by, b3), 20e by, by, b3 — pasauunsie

< + +13\3
deticmeumenvHule Yucaa, u y" = (yjk)jk:l, npuvem

,yﬁ = Z'Cjk‘u cjk: S Rv ] ?A ku (31)
ci3 >0, co3 >0, (32)
(b2 — b3)™y + (b3 — b1)vap + (b1 — b2) 35 = 0. (3.3)
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Lonroorcum
bs — by by — b3
2 4 —_ 2 9 3.4
aq bl _ b27 0%)) bl _ bg’ ( )
Uiy) = e+ oy — ), G e{1,2}, (35)
y

du
Fy) .C/ Y1 (u)ha(u) (3.6)

Hyemo (yy,ys) C R — nauboavwul no 6xamouenuio unmepsan, komo-
PuULTL COOEPIAHCUM YUCAO Clo U HA KOMOPOM KOPPEKMHO ONPEIEAEHD, HYHKUUL

U1(+),U2(+), F(+), mo ecmv 6uinosneno HepaseHcmeo

C?3+Qj(y2_cf2) >07 yO— <y<y(_)|_7 ] € {172}

B cuay (3.2) u aq + as = —1 makol unmepsan nenycmots u KonewHvid.
ITycmov danee kg, k1, ke € L[0,1] — sewecmeennvie dyrryuu, u dynruuu

Ki(+), Ks(+) onpedenenv, diopmyaoti (2.71), npuvem
Fyy) < (b1 = b2) Ka(x) < F(yg ), x€10,1), (3.7)

Tosda napa {a(-).7()}, 206 a(x) = ma(e)(x)? + ma(2)y(x) + ro(a), = €
0,1], u~n(-) = (%’k‘('))?,k:l; ABAAEMCA peuseruem cucmemuvl (2.26) moeda u

moavko moeda, kozda npu x € [0,1] ewnoanenv, pasercmea

vii(x) =5, 7€{1,2,3}, (3.8)
yin(a) = it (K@ 0GRy () G £k, (3.9)

ede dynwyuu yin(-), j # k, onpedesenvi pasencmeamu

y12(x) = F_l((bl — by) K (x)), (3.10)
yj3(x) :wj(yu(x))) J € {172}7 (3'11)
yrj(r) = —yir(z), 1<) <k<3. (3.12)

Bdecvy F1(+) — dynmyua obpammnan x dynxyuu F(-). (ecau F(yg) = Foo,
mo F~(£o0) 1=y ).
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Hoxasameavcmeo. Kax u 1npm JokasaTejbCcTBe IpejjioxKenns 2.4 cucre-
a (2.26) nmpumer Buj (2.72), npudeMm 1o jemme 2.5 jist JIOOOTO pereHust
910l crcreMbl BoinosHeHO (3.8). C ydueroM 3TOro, mepBoe ypaBHEHNE CUCTe-

MBI (2.72) mpumer Bu

Yir(x) = i(by — br) (k1 () + (75 + i) ka(2)) v ()
+i(bj — bg)ko(2)vis(2)Ver(x), 2 €10,1], j#k, (3.13)

rie s = s(j, k) := 6 — j — k — equHCcTBeHHOE UNCI0 U3 MHOXKecTBa {1,2,3},
ue pasroe j u k. Bynem mckarb pemienne sroit cucrembl B Buje (3.9). fc-
HO, 9TO IPU TaKoil MOJCTAHOBKE TepBoe cjaraemoe B mpapoil dactu (3.13)
cokparurcs. Ilocie 09eBUIHBIX Ipeobpa3OBaHuii Oy IUM CJIELYIONLYIO CU-

creMy OOBIKHOBEHHBIX [ depennnanbiblx ypaBuenuii na Gyuxnnu yjx(-),

J 7k

yﬁ(m>::gxxm(wfwamg+%9+wf%ww;+ﬁg+www»wa+%9)

X (b, — bj)ka(2)yjs(x)ys(x), x€0,l], s=6-—7—Fk (3.14)
13 pasencrsa (3.3) cie/yer, 9To MEepBbIii MHOKITETb B TpaBoit dacTu (3.14)

pasen equnnie. Tak kak, K;(0) = K»(0) =0, o v;%(0) = iy,1(0). ITosTomy

¢ yueroMm (3.1), nauanbroe yciosue v(0) = ' sKkBUBaJEHTHO paBeHCTBAM

Yjx(0) = ¢k, j # k. Tak xax v (-) = vr(+), J # k, To u3 (3.9) ciaenyer, aro

ki () = —ye(), 3 F# k. (3.15)

C yderoMm 3aMevaHus O TpaHCPOPMAIME HAYAJIHLHOIO YCJIOBUS U paBeH-

crBa (3.15), cucrema (2.72) cBojuTes K cyefyromell HadaJbHON 3a1ade Ha

byHKIHT Y12, Y13, Y23:

(
Yo = (b1 — ba)ka(z) - 113 - Ta3, x € [0,1],

< y’13 = (b3 - b1)/‘€2($ Y12 - Y23, T € [071]7

(3.16)

<k <3,

) -

) -
Yoz = (b2 — b3)ra(x) -T2 - w13, € [0, 1],
Lvik(0) = cjr, 1<) <
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JlokarkeM, 4TO JH00OE PpelleHne 3TOil CUCTEMBbl SIBJISIETCS] BEIeCTBEHHBIM.
[Iycts {y12(), v13(+), y23(-)} — KaKoe-1160 (KOMILTIEKCHO-3HATHOE) PeIeHne

cucremsl (3.16). ITomoxmm
wjr(-) = Reypr(), vp() = Tmyp (), 1<j<k<3.

Oriesisist MHIMYIO 9aCThb B ypaBHEHU:AX 3a1a4n (3.16) 1 yauTsIBasi, 410 Cj), €
R, j # k, nostydnm ciefyiontyio cucreMy Ha DyHKIHI v (-):

(
v1y = (b1 — b2)ra()(u2zv1z — uizvaes), x € [0,1],

UogU1o + UoVe3), x € |0,1],
(2312 12023) [0, 1] (3.17)
(

12013 — U13v12), T € [0,1],

\Ujk(O) = O,
Cucrema (3.17) sistercst 3ajaueii Kot jijist cucreMbl JTMHEHHBIX OOBIKHO-
BeHHBIX JinepeHIuaIbHbIX YPABHEHUH ¢ HYJIEBBIME HAYAJIbHBIMU JIAHHbI-
mu. ITosromy o Teopeme equncrsennocts v,,(-) =0, 1 < j < k < 3, uro n
O3HAUAET BEleCTBeHHOCTH perernst {yiao(-), y13(+), y23(-)}.

Takum 06pazoM, HaM HaJIO J0KA3aTh, UTO CJICIYIONIas BEIeCTBEHHAST 3a-
ada

?/12 = (bl - 52)”2(@ "Y13 - Y23, T € [07 l],

ta = (b3 — by)ka(2) - y12 - Y23, x € [0,1],
<913 (b3 1) 2() Y12 - Y23 [ ] (3.18)

Yog = (by — b3)ka() - 12 - 413, € [0,1],

Lyin(0) =cjp, 1< j<k<3,
MMeeT eJIMHCTBeHHOe IyiobaibHoe perienue Ha orpeske [0,[] u oHO 3ajaercs
dopmymamu (3.11).

[Iposepum, cHavasa, uro ykasaHubiii Habop {y12(+), y13(+), yos3(-)} siB-
nsiercst perennem. Juddepentupys dyuxmun ¥y (+), ¥o(+), F(-), 3amannbie
pasernctBamu (3.5), (3.6), mosyunm

Yy 1
¥i(y) Di(y)ealy)

N3 mepasencrsa (3.7) ciemyer, uro dbyHKus yio(-), 3aganHas Gopmy-

Viy) = ,Je{1,2}, Flly) = y € (Yy,vp) (3.19)

noii (3.56), koppekTHO ompejenena Ha orpeske [0,l], mpuuem yio(x) €
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(Yo, 9 ), © € [0,1). TlosTomy crpaBeyInBO PABEHCTBO
F(y2(x)) = (b1 — b)) Ks(z), = €10,1],
JnudepeHIupyst KOTopoe, MOy IIM
F'(yr2(2))yho(w) = (b — bo)ka(x), @ €[0,1].

Orcroma ¢ yaerom (3.19) u (3.11) caemyer, aT0

Yi2(®) = (b1 — ba)ka ()1 (y12(2)) Y2 (y12(7))
= (by — by)ka(x)y13(x)yes(z), x €10,1]. (3.20)

Tem cambivm  mepBoe ypasuenne B (3.18) Beimosneno. Jlasee B cu-
ay (3.11), (3.19), (3.20) u (3.4) umeem

yis(fﬁ) = yig(x)@bi(le(x)) = (b1 — b2)ka()y13(7)y23 ()

Loayn(n) o
V1(y12()) (b3 — D) k2 (2 )tna () y23(2), e [0,1],

qTO JIOKA3bIBAET CIIPABEJINBOCTH BTOPOro ypasHenus B (3.18). Axasornano

MIPOBEPSETCS, 9YTO TPEThe YpaBHEHHE BBIOHEeHO. [lasiee mmeem

12(0) = F~H((by — by) K5(0)) = F7(0) = ¢y,
Yj3(0) = ¥ (112(0)) = ¢j(c12) = ¢j3, j € {1,2}.

Takum obpaszom, dyukmun yi1o(+), y13(+), yo3(+), 3ajaHHBIE paBEHCTBA-
vu (3.11), yaosmerBopsitor 3azate (3.18).

[Iycts Tenepsb GyHKIUM Y19, Y13, Y23 € AC|0, 1] ynosaersopsior (3.18).
[TpoBepuM cripaBei/TiBOCTh paBeHCTB (3.11). YMHOXKasi epBoe ypaBHEHHe
cucrembl Ha (bg — by )y12(x), Bropoe ypasuenue ua (by — be)yi3(x), u BerauTasd

[OJIyYEeHHbIE YPaBHEHUs, [1OJIYYUM

(bs —b1) - 12 - Yo = (b1 — b2) - Y13 - Y13

Unrerpupys aTo paBenctso oT 0 J10 &, ¢ y9eTOM HAYaJIbHOTO YCJIOBUS TOJIY-

UM

(b3 — bl)(y%Q(x) - 0%2) = (b1 — b2)(y%3<$) - 0%3)7 z € [0,1],
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WK C y9IeToM ompejeserns ag (eM. (3.4))
2(1) = cls + a1 (yh(z) — cly), z€[0,l] (3.21)
Y13 13 1(Y12 12/ e :

AHAJIOTMYIHO U3 TIEPBOTO U TPETHEro ypaBHenuii cucreMbl (3.18) BbIBOAUTCS,

97O
Yas(2) = c35 + aa(yip(x) — cfy), w €[0,1]. (3.22)

U3 pasencts (3.21)—(3.22) u onpesenenns uuces yi Caeayer, 9To

Yo <ye(x) <yy, z €0,

[Iycts xy € [0,1] — MuUHUMAJIbHOE YHCIIO, Jist KOTOPOTro 413(Zo)ya3(xo) = 0.
Ecnun yi3(z)yes(z) # 0, x € [0,1], To nonaraem zy := [. Tak xax y;3(0) =
ciz > 0, 5 € {1,2}, To xp > 0, u no HenpepsisHoctu y;z(x) > 0, v €
[0, z9). Tosromy u3 (3.21)—(3.22) ¢ yuerom ompesmenenust Gyt 1(+),

Po(+) (em. (3.5)) BBITEKAET, YTO

yia(2) = ¥i(yia(2)),  w € 0,20], 7€ {12}, (3.23)

[Togcrapisst 9tu Boipaykerus jist Yi3(+) 1 Yo3(+) B epBOe ypaBHEHUE CUCTE-

Mol (3.18), mosty M

Y12(2)
P1(y12()) - Ya(yr2(x))

VHTerpupys 1moJiydeHHoe paBeHCTBO, MOJIYIIM C YIeTOM OllpeiesIeHnsd (DyHK-

= (by — by)ka(x), maams. x € [0,z

mn F'(+) n HadaabHOTO yesoBust yi9(0) = 19
F(y12(1')) = (b1 — bQ)KQ(.%’), T € [0,$0]. (324)

Ecmu xg < I, mo y13(x0)y23(z9) = 0. Ilosromy u3 pasencrs (3.21)—(3.22) u
ONIpeJIe/IeHnst aucet Yy ciiefyeT, 9To 6o yi2(e) = vy , 60 yia(To) = Y-
Ho rtoryma pasenctso (3.24) npn & = x( NPOTUBOPEYUT HepaBeHCTBY (3.7).
[Tosromy xg = [, u pasencrBa (3.24), (3.23) BiieKyT Tpebyemble paBeH-
crBa (3.11). O



49

3ameuanue 3.1. Teopema 3.1 1m03BOJIsIET ONMCHIBATHL BCE pEIIEHUs 3a/1a-
an (2.26) ecoiu = 3, 09 = diag(by, be, b3), MATPUIILL 09 U YT UMEIOT TIPOCTOI

CIIEKTD 1 BBINOJIHEHBI paBeHcTBa (3.3) n

Re(v1573731) = 0. (3.25)

A unmenno, ecyim XoTs Obl JIBa UncIa n3 Habopa Yy, Vi, Va3 PABHBI HYJIIO,
TO MATPUIILI 09 U YT UMEIOT HEeTPUBUAJILHOE 00IIee NMHBAPUAHTHOE TIOJIPO-
crpancTBO. B cuty npejyioxkenus 2.2 joboe pertenne cucreMbl (2.26) B 9TOM
ciydae OyjeT pactaatoniumMces. [[oaToMy ormcatne BceX peIeHuit MOyKHO
[IOJIYYUTH € ITOMOIIBIO caeJicTBud 2.1.

B nporusHOM ciiyudae, MeHsis MecTaMu Ga3UCHbIE BEKTOPa €CJIM HyZKHO,
MBI MOKEM CUHTATH, 9TO Y1373 7 0. Torma yciosue (3.25) nossossier npuse-
CTH MATPHUILY YT YHUTAPHBIM JUArOHAJLHBIM IIPE0OPA3OBAHNEM K BUJLY, JJIsI
KoTOporo BoimoiHeHo (3.1)—(3.2). Ilpu sroMm Marpuia gs OCTAHETCST JAUATO-
HaJIbHOII T10CJIe 9TOTO TPeobpPa30BAHMSI.

Jajiee, Tak Kak MaTpuia 7y UMeeT HPOCTOH CHEKTD, TO B CUJY JIEM-
Mbl 2.4 jmoboe perenne cuctembl (2.26) mmeer Bujg {a(x),v(x)}, a(z) =
ke (2)y2(x) + Ky(x)y(x) + Ko(x), Tae kg, k1, ke € L1[0,1] — Bemecrsennbie
dbysknnn. Ecmn wepasencTBo (3.7) BbINOMHEHO, TO hopMmybl (3.8)—(3.12)
OIUCHIBAIOT BCe pereHust cucteMmbl (2.26). B mporusHOM ciydae Haiijem
MaKcuMasbHoe [y < [, Jyisi KOTOPOrO BBIMOJIHEHO HepaBeHCTBO (3.7) mpu
x € [0,11). Torma Teopema 3.1 naer onmcanne Beex pernennii cucreMsr (2.26)

Ha Menbiiem orpeske [0, 1]. 13 dopmyit (3.9), (3.25) BeITekaer, 4To

Re(y2(l1)v23(l)ys1(l1)) = 0. (3.26)

[Tosromy, pacemarpuBasi cucremy (2.26) Ha orpeske [l1, (] ¢ HaTaIbHBIM JTaH-
HbiM 7y (l1) BMecTO T MBI MOXKEM IPUMEHHUTD Te ke paccyzkjienns. OrMernm
TaKzKe, 4TO TaK KaK [; MAKCUMAJLHO BO3MOMKHOE UYHCJIO, JJIs KOTOPOI'O Bbi-
noJiHeHo HepaBeHeTBO (3.7), 10 11 (l1)1a(l1) = 0. [osromy v13(l1)Ye3(l1) = 0,
U, 3HAYNUT, pelienne Ha orpeske [l1, /] cyIecTBeHHO ePecTPOUTCs MO CpaBHe-

anio ¢ orpeskoM [0, [1].
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Takum obpasoM, JIMOO 338 KOHEYHOE YHUCJIO MIATOB MbI IOJIYUUM PEIIeHHe
cucreMbl (2.26) wa Bcem otpeske [0, 1], 60 MBI MOy M GECKOHETHYIO BO3-
PACTAIOILYIO [I0C/IeI0BATEBHOCTD ducest {lj 172, CXOIAILYIocsa K HEKOTOPO-
My auciy lyp < [. Pemenne cucreMbl B TOUKe [y CYIIECTBYET TOIJIA M TOJIBKO
TOrJIa, KOIJIa CyIiecTByeT Marpudnbiii mpejget Y(lp) = limg oo v(lg). Ec-
JIN TpeJies He CYIIEeCTBYeT, TO peIIeHHe CUCTEeMbl JIIsd 3aJJaHHBIX (PYHKINIT
ko(+), k1(+), ko(+) He cymectByer B Touke ly. Vmade mpr nosaraem y(ly) =
~(lp) m TpuMeHsieM Te Ke paccyKJeHUsi, UTO U BbIMe st orpeska [lo, (],
TaK Kak paBeHCTBO (3.26) B Touke [y BoimosHeno. Vcmonbsyst emmy [opHa,
MOYKHO TIOKa3aTh, YTO II0 OMUCAHHOI BBIIIE CXeMe Mbl ITOCTPOUM PelIeHue
cucrembl (2.26) Ha MAKCHMATBHO BO3MOXKHOM OTDE3Ke, Ha KOTOPOM OHO CY-

IIeCTBYET.
Teopema 3.1 XOTh U MO3BOJISIET OMUCHIBATL BCe pereHnst 3ajgadn (2.26)

IIPU JIOCTATOYHO OOIIUX IIPEJINOJIOKEHIAX Ha MATPUIBLI 09 U 7Y, SBJISICTCS
rpomo3s/ikoit. Ciejyiolee cjie/ICTBIE OKA3bIBAET SIBHYIO CBA3bL PEIIeHuil 3a-
naan (2.26) ¢ OCHOBHBIME 3JLTHITHYECKUME (DYHKIMsIMU SIKoOu B cirydae,

Korma ap < 01 ag < 0.
CaencrBue 3.2. Ilycmov 6 ycaosuixr meopemo, 3.1 c1o9 = 0 u by < by < bo.

Tozda daa dynruut yio(-), y13(+), ya3(+) cnpasedausn caedyrouwsue gopmyrvt

y1a(x) = c134/ Z — 2 sn(z(z); k), (3.27)

), (3.28)
yo3(x) = cogdn(z(x); k), (3.29)

C1 b2 — bg
2(x) = cagn/(ba — by)(by — b)) Ko(z), k = 6—22 : ,/bg — (3.30)
K (x) = /O ra(t)dt, a(-) = ra(-)y(-)* + ma(2)y () + k().

Jlokasameavcmeso. U3 onpejenenust yukuuu F(+) u dopmysbr (3.10) ce-

2de

JIyeT, 9TO
Y12(z)

(bl — bg)KQ(x) = F(y12($)) — /

0

du
2 2 ’
Vets + aru?y/ e + asu?

(3.31)
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Tak kak by < by < by, 10 g < 0 u g < 0. [Tomoxum 3; = /—a;, j € {1,2}.
Torna dopmyia (3.31) mpumer Bug

y12(x)

du
(bl — bg)Kg(ﬂ]) = .
0/ \/0%3 - (5116)2\/0%3 — (Bou)”

Henas zameny u = —v ¢ y4€roM ompejiesienus ducena k, oy, ao, B, B, 10-

B’

JIY UM

Biyiz(z)/c13
dv

ca3B1 / V1— 0231 — k22

sn : = 2,
0 V1 =021 — k202

y12(x) = Esn (co3(b1 — bo) 1 Ka(x); k) |

otkya ciaeayer dopmysta (3.27). Hogcrasisig (3.27) B (3.11) npu j = 1

(b1 — b)) Ka(x) =

(3.32)

YuaursiBasi, 9to |5

noJtyaum u3 (3.32)

HOJIyYM ¢ yueToM GpopMy/bl cnz = /1 — sn2z

yia() = \/c& — (Buyna(@))® = /3, — (crasnz(a))® = exgenz(a).

Haxower, mogcrasiss (3.27) B (3.11) npu j = 2, mostydum ¢ yaetom ¢hopmy-

Jibl dnz = V1 — k2sn?z
Yo3(T) = \/023 (Boyna(x ) = 623\/1 — k?sn?z(x) = cogdnz(z),

qTO M 3aBepHiacT J0Ka3aTEJbCTBO. ]

B zaBepiienne mpousIIOCTPUPYEM JaHHOE CJI€JICTBUE Ha CJIEIYIONeM Ha-

VIAOTHOM IIPHUMEDPE.

IIpumep 3.2. Ilyctb

0 0 i 00 0
v=100i|, oa=]0b0 |, b>L1 (3.33)
—i—i 0 001/b



52

Torna napa {a(x),vy(x)}, rae a(z) = v(x)?, apigerca perieHneM cucre-

MBI (2.26) Torzma n TOJIBLKO TOTJIA, KOTJIa

0 ibsnx icnx
v(x) = | —ibsnz 0 idnx |, (3.34)

—icnx —idnx 0

rie snx = sn(x; k), cnx = en(x; k), dne = dn(x; k) u k = v/b> — 1.

3.2. WccnenoBanue pemnienunii cucrems! (2.26) npu r = 4

CrpaBeJ/InBo cjeyioliee yTBepKIeHne

IIpennoxenne 3.1. [lycmo
oy = diag(by,...,b.), " =09+ apgl +iC, (3.35)

ede ar, a9 € R, mampuya C = (cjp)} )y = —C" u ey = 0, npu j €
{1,...,r}.

Iycmv danee ko, k1, ke € LY0,1] — sewecmeennvie dynryuu. Toeda
napa {a(-),7()}, 2de a(z) = ra(z)y(2)* + w1 (2)v(2) + Ko(2), 2 € [0,1], u
Y(-) = (Vjr(+))jp=1s AGAAEMCA pewenuem cucmemot (2.26) mozda u moavko

moeda, xo2da npu x € [0,1] ewnosnens paserncmea

Vi, JeA{l ...} (3.36)
il Ot (Ki @O+ K@)y (1) 5 £k, (3.37)

V55 ()
k() =

Kiw)i= [ wian e (1.2} (3.39)
0
a pynwyuu yip(-), j # k, ydosaemsoparom cucmeme

y;k(x) - (bk o bj)’%Q(x) é yjs(x)ysk(af), T e [O,Z], J 7& k,
s#,k

Yuri@) = —yn@), zel0, j#k
\yjk(o) =cjk, JF#k.

(3.39)
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Ipu smom, ecau cj € R, j # k, mo aoboe pewenue cucmemnt (3.39) A6

EMCA BEWECTMEBEHHDIM.

Jloxasameavemso. Tak kak a(x) xkommyrupyer ¢ y(x), To cucrema (2.26)

IIpuMeET BUJL
(3.40)

[To memme 3.12 u3 [62] B cuty IuaroHaJIbHOTO BUJA 09 JIJIs JIEOOOTO PEIIeHNUs
cucremsl (3.40) Boimosaeno (3.36). C ygerom storo cucrema (3.40) mpumer
BH/I

(

Yie(@) = (b — ) (k1 () + Ko () (55 + Vr))

Filb; — bi)ra(e) 3 vps@hranla), x €[00, j Ak,
4 ik (3.41)

/ij(x) - 7jk<x)7 2 [07”7 J#k,
(k(0) =k T F

Bynem uckars pemienne stoit cucrembl B Bujie (3.37). B ety (3.35) Bbimosi-
Heno v;; = aib; + ag, j € {1,...,r}. Ilosromy dopmyra (3.37) upumer

BUJ
Yir(@) = iEj(x) [ Bi(x) - yju(x),  Bj(w) = PitFloHabim200falo) - (3 49)

Ternepn, nojcrasss popmyity (3.42) B cucremy (3.41) Jerko mpoBepuThb, 9TO
oHa sKkBUBaseHTHA (3.39).

B cayuae, eciim marpurna C' BelecTBeHHAst, TO JIIOOOE DEIIEHHE CH-
crembl (3.39) ssisercst BemectBeHHbIM. Ilyets {y;i(-)} 2 — Kaxoe-1160

(komIuTeKCHO-3HaTHOE) pererne cucteMbl (3.39). [Tomoxknm

win() = Reyu(),  v(-) :==Imyu(-), J#k.

OTnesisiss MEUMYIO 9aCTh B ypaBHEHUsIX 3a1a49 (3.39) 1 yIUThIBasI, ITO
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cit € R, j # k, nosyuum ciepytontyio cucreMy Ha DyHKIUN Ujk(-):

r

Ui = (b — bj)ra(x) 3 (uskvjs + ujsvsk), € [0,1], j#k
ik (3.43)

vik(0) =0, J# k.
Cucrema (3.43) siBistercst 3a1adeit Ko i1t cucteMbl JIMHEHBIX OOBIKHO-
BEeHHBIX JuddepeHInaibHbIX YPaBHEHNIT ¢ HYJIeBBIMI HaYabHBIMU JIAHHbI-

mu. [Tosromy 1o Teopeme exnncrsentoctn vji(-) = 0, j # k, 4To u o3Hadaer

BEIeCTBEHHOCTD pertenust {yix(-) }jzk- O]

Teopema 3.3. [lycmov r = 4,

by < by < by < bg, b1 + by = bg + b4, (344)
bg — b2 b4 - b2
S = , 4
a3 bg — bl’ 87 b4 — bl (3 5)
Iycmoy danee
Cjk € R, Cjk = —Ckj, j,k c {1,...,4},, (3.46)
cr >0, ke{23,4}, (3.47)
€23 = \/Q3-C13, Coq = —/Qy-cCla, C34=0. (3.48)
anee, norootcum
by — by by — by
= — = - 3.49
63 b3—b17 64 b4—b17 ( )
o= %; B = B+ B, (3.50)
C13

y du
F(y) - /013 U\/C%Q i 5 ) (ug — C%g)’ (3-51>

p=/(bs —by) (b3 — by), (3.52)
o(x) = F (p- Fol)). (3.53)

2de F1(-) = dynwyus obpammnas % dynwuyuu F(-). Tyemo (yy,yd) C R -
HAUOOALWUTE MO BKANOUEHUIO UHMEPSAN, KOMOPVIT, COOEPHCUM, YUCAO C13 U

6BNOAHEHO HEPABGEHCTNGO

By —ci3) >0, yy <y<uy]. (3.54)
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ITycmo danee kg, k1Ko € LY[0,1] — sewecmsennvie dynxyuu, u @yrxyuu

Ki(z), Ks(z) onpedenenn pasencmeamu K;(x) = [ k;j(t)dt, j =1,2 u
Fyy) < p-Kao(z) < F(yy), z€0,), (3.55)

Toeda napa {a(-),7(-)}, 20 a(x) = ra(w)y(x)? +51 (@) (x) +ro(), @ € 0,1
asasemes pewenuem cucmemvs (2.26) moeda u moavko mozda, xKozda npu

x € [0,1] svnoanens pasencmea

f)/jj(x):r)/j—ga j€{17"'74}7
in(x) = e OB OE By (), Gk,

ede pynxyuu yji, j # k umerom eud

Jlokasameavemeso. TlposepuM, cHavasia, 4uro ykasauubii Habop {yi2(:),

y13(+), y14(), yo3(+), you(+), y3a(+)} sBasteTcst perenuenm cucrembr (3.39). U3
HepaBeHcTBa (3.55) ciemyer, uro dyukims v(-), 3aganuas dopmysioit (3.53),
KOPPEKTHO ompejieiena na orpeske [0, (], npuuem v(z) € (5,94 ), € [0,1).

[TosToMy cripaBeIJINBO PABEHCTBO
F(v(z)) =p- Ky(z), x€]0,1],
nuddepeHupyst KOTopoe, MOy YiM

V() F'(v(z)) = p-Kka(x), x€]0,1].



56

Orciona ¢ yaerom (3.51), (3.56), (3.57), (3.59) ciemyer, ato

yi3(x) =v'(@) = p-ra(z) - 0(2) -4/ cfy + B (v3(2) — cFy)
= p- k(@) - v(x) - Yy12() (3.63)

= (bg — bl) . /432(1') . ylg(.’ﬁ) . ygg(x), T € [O, l] (364)

3aMeTnM, 9To COrTacHo (3.44) BBIOJHEHO PaBeHCcTBO agay = 1. [Tosromy

as(by — b
“_35/;_4 Y g (b~ by) = by — by = by — b,

i, B crity (3.57), (3.58), (3.64),(3.59), (3.60) nmeem

Yia(@) = o gly(2) = - (bs — by) - ma(e) - y12(2) - ya()
_Vabimb) ) () - ()

Ja
= (b4 — bl) . lig(ﬂf) . y12(517) . y24(.56'), T e [0, l] (365)

anee, numeem

Yoz () = Vs - yi3(x) = az - (b3 — 1) - k() - y1a(2) - yas()
= ag - (by — b1) - Ka(z) - Yr12() - y13()
= (bg — bg) . l'ig(x) . ylg(fb) . ylg(:c), T &€ [0, l], (366)

You(v) = —/au - yiu(r) = —/au - (by = b1) - k() - y12(2) - you()
=y (b — br) - Ka(z) - y1o(2) - yra(2)
= (b4 — bQ) . K/Q(.’Jj) . ylg(l‘) . y14(£€), X &€ [O, l], (367)
Ucexonst uz (3.56) u (3.63) mosryanm

B-v(z)-v'(x)
le(I)

Ypo(T) = =p-B-ka(x)-v*(x), x€]0,1]. (3.68)

Hauee, yanteias (3.57)—(3.60) nmeem

Y13(2)yo3(w) + yra(2)yos(2) = (Vaz — ag - o?) - v*(z), =z €[0,1]. (3.69)
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Bamernm, 9To B cuity (3.44) BBIIOTHEHO PABEHCTBO

p = /(b3 = bs)(bs — b1) = /(bs — b2)(bs — b1). (3.70)

[TosTomy, Tak Kax by < by < b3, TO

p-B=rp-(Bs+ fac?)
by — by — b
_\/bg—bg(bg—bl) —|‘\/b4—bg(b4—b1) 2 1'042
b—bl b4_b1

bs — by by —by »
(by —b1) | 4/ —/ 3.71
2 ( bs— b Vbi—bp (3.7)

= (b — b1) (Vaz — vaq - o (3.72)

Tereps u3 coorrormennii (3.68)—(3.71) ciemyer, aro

Yio(x) = (b2 = b1) - k() - (y13(2)ya3(x) + yra(2)yaa(w)), = €[0,1]. (3.73)

Tax xak agay = 1, To B cuty (3.57)—(3.61)

(s — b3) - ka(x) - (y13(@)y14(z) + Y23(2)yos (7))
= (bs — b3) - k() - (y13(2)y14(7) — Vs - y13(x) - Vau - yu(z))
=0=yylx). (3.74)
Temepy u3 pasencts (3.73), (3.64), (3.65), (3.66), (3.67), (3.74) cuenyer,

9T0 (DYHKIUU Y12, Y13, Y14, Y23, Y24, Y34 Y/IOBJICTBODAIOT yPaBHEHUsAM CHCTe-

Mbl (3.39). [lasee, Tak kak c¢19 > 0, TO

y13(0) = v(0) = F~p- K5(0)) = F1(0) = 13, (3.75)

(0)
y2(0) = /Ay + B - (12(0) — &) = cao (3.76)
y14(0) = - v(0) = L €13 = C14, (3.77)

(0)

(0)

(0)

€13

= Vag - y13(0) = /ag - c13 = ca3, (3.78)
Y24(0) = —v/ay - y14(0) = —y/ay - c14 = oy, (3.79)
Y34(0) = 0 = c34. (3.80)
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Takum obpazom, dynkiuu yia(-), y13(+), y1a(), y23(-), Y24 (+), ysa(-) ynoserso-

PSIIOT TAKKe 1 HAYaJIbHBIM JaHHBIM cucTeMbl (3.39).

13 061mux TeopeM eJMHCTBEHHOCTH JIjist HAYaIbHON 381291 BHITEKAET, 4TO
9Ta CHCTEeMa NMeeT euHcTBennoe pernrenne xa [0, [].

[TokaxkeMm criocob HaxoxK ieHusl Bbipazkenuii st ys(-), k, s € {1,...,4},
(3.56) — (3.62) Kax perenuii COOTBETCTBYIONIEH cucreMbl jinddepeHinaib-
upix ypasuenuit (3.39). [Iycrs reneps dyuxmmm yi2(+), v13(+), y1a(-) yas(:),
yo4(+), y34(+) € AC|0,1] ynorerBopstior 3aja4e (3.39). YMHOKUM ypaBHE-
e (3.64) na (by — by)y13(z), a (3.66) Ha (by — by)yes(x) u ciokum. B
pesysbTaTe MpUeM K COOTHOIICHUIO Yhs(x)yas(x) — ag - y3(x)y1s(x) = 0,

UHTErpUpysl KOTOPOE, HAXOJAUM YTO

Y23(z) = \/ng + 043(y%3(37) - 0%3)7 (3.81)

¢ yaerom (3.48), mosyunm (3.59). Amasornano nocrynum ¢ (3.65) u (3.67),

sHauut Yoy () = /3y + u(y?4(x) — ¢2,), upu s1om, nenosnsys (3.48), npu-

XOJIUM K

You(x) = —v/ay - y14(). (3.82)
Bocmonibzyemest coorrormenusimi (3.81) u (3.82) st ypasaenuii (3.64)
i (3.65)

yi3(x) = wa(x) - (b3 — b1) - y12(w) - Vaz - yi3(x); (3.83)
yra(x) = wa(x) - (ba = b1) - y12(w) - Vau - yra(). (3.84)

Bripasum u3 (3.83) ko(x) - y12(x) u, yanrsiBas (3.70) mpupaBHseM MOy deH-

HbI€ COOTHOIIIECHUA , ,
yis(z)  yu()

3 (3.85) mosyuum

() = — yis(z) = a - yig(x). (3.86)

Tem caMbIM MOATBEPZK/IEHA CIIPABEJIMBOCTDL paBeHCTBa (3.58) u, mocse ero

nojictanoBKH B (3.82), coorBercriento (3.60). Bocmosbsyencest oy deHHbIMI
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pesysibTaTamMu u 1peobpasyem ypasaenus (3.73) u (3.64) ¢ yuerom (3.71)

Yio(2) = Ra(2)(ba — bn) - yis(@) - (Vg — o - /o)
= ra() - p- B - yia(@); (3.87)
Yis(@) = k2(x) - p - y12() - Y. (3.88)
OTKyza MoJIyduM, 9TO

Vio@) _ yhs(@)
yi3(x) - B yia()

(3.89)

nJim

yia(2) = \/S + B - (hy(x) — ). (3.90)
Taknm o6pazom mmeet mecto (3.56). [lojcraBum naiienibie BhIpaKeHust st

y12(x) (3.56) 1 yo3(x) (3.59) B ypasuenue st yi5(x) (3.64) momyamm

Yis(@) = kaw) - p-yrs(@) -/ cly + B - (is(x) — cfy), (3.91)
WJIN, UCIIOJIB3Ys 0bo3HaueHue (3.52)

Z/is( )
Y13(2) - /s + B+ (yis(x) — c}y)

Hetpyro 3amernts, uto (3.92) ¢ yuerom oboznadennit (3.51) u (3.53) npu-

= p- ko). (3.92)

HnMaet Bug (3.57). O

Craenctsue 3.3. B ycaosusax meopemuvt 3.3 noaooscum cio = 0, umo onpe-

deasem eud mampuyw, C' 6 (3.35) makum obpazom

0 0 C13 C14
0 0
iC — C23 C24

cizcz 00

CiacCa 0 0

Tozda dna pyrwyuts yio(-), y13(-) cnpasedausvi npedcmasaenus:

y12() 5- /B - tan(z(2)), 8> 0; (3.93)
yi13(z) = %; g > 0; (3.94)



60

yia(w) = c13- /B, B < 0; (3.95)
y13(x) = 0; (3.96)
y1o(z) = c13 - \/B -th(z(z)), B < 0; (3.97)
yi3(z) = % B < 0; (3.98)
20e
2(z) = ci3-p- /B Ko(2). (3.99)

Joxazameavcmeo. Pacemorpum ciydait f > 0. U3 onpenenenust pyHKIUIN

F(-) u dopmyssl (3.57) caemyer, 910

y13(z)
1 du
- Ko(z) = F(y13(x :—/ 3.100
p- Ka(x) = F(ys(x)) NI RN s (3.100)
C13
Torna dopmyia (3.100) mpumer Bu
. €13 Q0
—ci13v/ B - p - Ko(x) = arcsin - —.
13V B 2() ()| 2
Ucnonbays obozuadenue (3.99); mosmyanm
. . . €13 T
— sin(z(x)) = sin | arcsin — =) =
e = (s 555 )
. ( . C13 ) T ( . €13 ) LT
sin | arcsin - cos — — cos | arcsin sin — =
y13() 2 y13(z) 2
_ 1 20%3 .
yi3(2)

Cuuraem z(z) rakum, uro sin(z(x)) u cos(z(x)) HONIOKUTENBHBI, TO-
raa nomyanm (3.94) Ilomerasasas (3.94) B (3.56) — (3.61) mpugem K Bu-

ay (3.93) mist y12(+) W COOTBETCTBYIONIMM BBbIPDAYKEHUsIM [T (DYHKIHT

:y14(-), y23('), 924('), y34(-).
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B ciyuae 8 < 0 B cuity HepaseHcTBa (3.54) nosyunm, uto yis(z)—ciy < 0.

Taxum obpaszom,

y13(z)

1
VB / u- /Gy —u?

C13

p- Ka(z) = F(yi3(z)) =

OTKy1a ciemyer, 94To

- (L)

y13(7)
nJin
2 .2 _ . —z2(z) _
€13 3/13(17)—%3(95) exp C13-

B pesyibrare npeodpaszoBaHuii umeem

y13(7) (ylg(a:) - (exp‘zz(m) +1)—2- exp_z(x) -013) =0,

(3.101)

TO ecTb, b0 y13(x) = 0, uyro npusejer K pemenusim (3.95) — (3.96), 6o

2
yi3(x) = a3 , 9TO COOTBETCTBYET pereHusiM B Bujie (3.97)
exp?(@) 4- exp—#(@)
i (3.98) .
IIpumep 3.4. Ilyctn
0 0 2t 000 O
0 0 21 —V/21 060 0
V= V2i =2 oy = L b>0. (3.102)
—2i—v2i 0 0 0026 0
—i V20 0 0 000 —b
Torna napa {a(z),v(z)}, rae a(z) = ~*(x) sBisieTcss pelieHueM chcre-
MBI (2.26) Torja U TOJIBLKO TOTJA, KOrja
2 1
0 2tg(2b
/ V2 tg(2ba) cos(2bx) cos(2bx) \
2 2
—V/2 tg(2bx) 0 V2 — V2
cos(2bz)  cos(2bx)
v(z) = 9 /2 (3.103)
— — 0 0
cos(2bx)  cos(2bx)
1 2
— V2 0 0 )
\ cos(2bx)  cos(2bx)
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3.3. Cayuaii Kybudeckoii 3aBucumoctu a(x) ot ~y(x)

C nomoIpio TeopeMbl 2.3, J0Ka3aHHON B IIEPBOM pasjiesie, MOKarXKeM, Kak
HalTH ABHBII Buj Marpuibl B(z) B ciaydae, korjga 7 = 4 u a(x) aBisgercs

TOJIMHOMOM TPETheil cTernenn ot y(x).

Teopema 3.5. [lycmv r =4, A\, ..., \y — pazauvrvie JeticmeumenvHvle Yuc-

AG, MAKUE YMO A3 U Ay HATOOAMCA MEHCIY N1 U Ao,

P o=diag(\y, ..., M),

o2 = ()} e = iBjks Bik >0, B €R npu j # k,
b = BN+ B, j € {4},
C(x) = (cjr())jjm1s npuvem  cj; =0,

a(z) = k(z) 7 (),

2de a(x) mampuua-dynryua, a k(x) € LY0,1] —eewecmeennan dynruus,

x € [0,1], a mampuya B maxosa, wmo npu j # k,
B(x) = (bj(2))j 41 = B*(v).

ITycmo danee

Ay — A A — A1 .
- = 77 = 3.4: 104
A \/)\j—)\l’ﬁj Aj—/\l’j 354 (3.104)

VAR = A (At e+ ) 3.105)

Vs = A1) A2 = A3) - (A1 4+ Ao+ Xs)

b)) = | Fa— - (7 = B) — - B <(i) . 1); (3.106)

Bis
rodt
) ﬁ/ £ (t)

(3.107)

Tozda snemenmor mampuyve B(x) us (2.50) umerom eud

—if1-(A3=X})

Ct—sy

k(t)dt

bjr(x) =i - exp yir(r), j # Kk, (3.108)
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ede sewecmeennvie dynruuu y;i(-), j # k, onpedesenv pasencmesamu

yi2(x) = P (yi3(z)), (3.109)

ylg(fb‘) = F_l \/()\3 — )\1)()\2 — )\3) / /i(t)dt , (3110)
o ?113(23) “

y14(x) = Pu ( B1s ) : (3.111)

yoi() = o - wpy(x), J=3,4, (3.112)

ysa(z) =0, (3.113)

yri () = (), J#k. (3.114)

Bdecy F7Y(+) — dynxyus obpammas x MOHOMONHO 603pacmarweti PyrKyu

Jloxasameavcmeo. W3 (2.46) criemyer coOTHOIIEHNE
¢ir(x) = —k(x) - dji, - bjr(z), (3.115)

Y.
N — M

rae d;, = = XN+ Xj A+ A7 TloacraBiy seipazenns (3.115) B (2.47),

TOr 14
Lo(x) = —ik(@) - dip () — b)) - bj(x)—
ik(x) - > (d = djp) - bu(x) - bik(x),

I=1,14k

rie j # k, a djy, - (bg-o-) — b,(co)) = 1 - (A3 = A}). Jlerko Bugers, uro

di — dji = N+ MM+ A7 = X5 = A = A0 = (A= A) (A + A+ ).

1ycTb bji(x) nmeror Buj (3.108) Torna

4
V() = k(@) Y (d = djp) - yju() - yue(),
I=1,1£).k
Yir(0) = Bjr,
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Bocmnosb3yenmcst tem, uto yi () - BemecTsennble u yz4(x) = 0. Torna B34 = 0,

Yjr(x) = yp;(x), npu 1 < j < k <4 u cucrema IpuMeT BUJ

Yo = k() - (diz — dag) - y13 - y23 + K(x) - (dig — dag) - Y14 - you;  (3.116)
Y13 = k() - (daz — dra) - Y12 - Yo3; (3.117)
Yoz = k() - (dia — di3) - Y12 - Y13; (3.118)
yra = K(x) - (dag — dra) - Y12 - You; (3.119)
You = k() - (dia — dia) - Y12 - Y14 (3.120)

3 ycnosus ysq(z) = 0 mosyamm
0= k(x) - (dis — dia) - Y13 - Y14 + (dag — doa) - Y23 - You. (3.121)

N3 (3.117) u (3.118) caemyet, 1aT0

(dos — di2) (ygs(x) — B33) = (dra — das) (yis(x) — Bi3)

(As = A1) (y2s(2) — B3) = (N2 — As) (yis (@) — Bi)-

Orpannuenne Ha \;, rae j € {1,...,4}, cile/lyeT U3 COOTHOIIEHHSI
(As = A1) - B3 = (Ao — Ag) - B,

10 ecTh (A3—A1)(Aa—A3) > 0, 3HAUUT \3 HAXOUTCA MEXKY A1 U A2, HOITOMY

Ay — A3
A3 — A\

Yya3(z) = - y13()

N3 (3.119) u (3.120) aHamorudHo cjeyer, 9To

Az — Ay
A — N\

you(z) = - y14(2)

ecin (Mg — A1) - B3, = (A2 — A\g) - B3, 3HAUUT Ay HAXOIUTCH MEXKIY A1 U Ag.

YuaursiBas (3.104), sanumiem pasernctso (3.121) B Buje

()\1 + )\3 + )\4 + CY36Y4()\2 + )\3 + )\4)) ylg(x) . y14(x) = 0,
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npuyeM o3 = g - B13, Pog = ay - B4
Buaunt yoi(x) = o - yi(x), ne j = 3,4. Uz (3.116), (3.117), (3.119)

HaX0/ UM

yfz(x) - 5122 = —fs- (9%3(37) - 5?3) — P (?/%4(35) - 5124) (3.122)

Urak, ypasuenus (3.117) u (3.119) sammmmyrest B popme

Y13 = k() - (dag — dra) - 3 - Y12 - Y13; (3.123)
Yia = £(7) - (doa — di2) - Q- Y12 - Yua- (3.124)
4 doy — d / dos — dio) -
Tak Kak Yu _ M M . %, TO 0DO3HAYUB (v = (d24 12) 0447 (aro
a3 (does —dia) Y13 (dog — di2) - a3

sxBHEBaIeHTHO (3.105)), Oyem nckarhb y14(x) (¢ yaeroMm HAUATBHBIX YCIOBHIT)
(0%

B BIJIE Y14(2) = Pig - (ylgl(j)

) . Homcrasum B (3.122), mosyanm

yi2(z) = ¥ (y13(x)),

rie

Blyrs(@) = | P — Bolua(e) — B2) — BB, <(yﬁ“) _ 1)

Ucnosnbays (3.123), Haxoaum

Yis(x) = k() - (y3(x)) - y1s(x)

Tax kax F'(y) npeacrasien B Buje (3.107), To

X

yi3(z) = F71 [ /(A3 — M) (A2 — A3) / k(t)dt

0

Takum obpasom B ciaydae r = 4 u Kybumueckoii 3aBucumoctu a(x) oT
v(x) smemenTsl MaTpuilel B(x) BhIpazKarOTCs B TePMUHAX SJITHITHICCKUX

dyHKIMII. []

CraenctBue 3.4. B yciosuaxr meopemvt 3.5 nososcum

A =—a, o =a, \3 = —b, \y, =0, 2de a,b € R, u sunoanaemcs ycrosue
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3ab — a?

PP EEE mozda peweHus

0 < a < 3b, kpome mozo By = 514 2, 3% =
yir(x), npu j # k (3.109) — (3. 112) umerom 6ud,

2a  cen(z(z) + N, k) -dn(z(z) + N, k)

yi2(x) = —i P (o) = V) . (3.125)
yi3(x) = sn(z( )1+N k) (3.126)
yia(z) = @) TN R (3.127)
Yo3(x) = k sn(z(x) + N, k) (3.128)
r) = ! 3.129)
valT) = ) T VLB (3
2de
B2 = Zfz (z) = —in/2a-(a—1b)- /m(t)dt, (3.130)
0
-
N = 0/¢1_t2 = (3.131)
Jlokasameavemeso. W3 (3.110) mosryunm, 4to
v (a —b)(a+b) /H(t)dt = F(y13(x)), (3.132)

0
npumenns (3.106) u (3.107), yuursiBas, 9TO 1PN 3a/aHHOM BBIOODE Aj, Ije

g€ {l,...,4},, snavenne a = —1 (970 BugHO U3 (3.105)) mpugem K

Yy13()

dt
F(ylg(x)) - / 2a 4a? 2a B
s .t 2
v \/b —a + a? — b? b+a

y13
/a+ / B
\/a+b 4 2a B

241
a—>b a b +

Y13()

; a+b / dt
2a '
3 \/(1—t2)<1—a+b-t2)

a—>b
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Terneps coornorenue (3.132) MOXKHO PEJCTABUTD B BIJIE

Yy13(z)
dt

i\/m-/xﬁ;tdt—

S

TO €CTh, yunThbiBast obozHaderus (3.130)

yls(fﬂ

0= | smaer

nJjim

1
V2 y13()

+ =
0/ 1—t2 — k212 /

0

dt
JI=P)1-#-2)

B cuny obosnavenus u onpeaesienns SJTHITHIeCKIX (DYHKITI, Oy IUM

Y13(z)
z(z)+ N =

0

dt
V-2 (1 -k

a MMEHHO,
y3(z) = sn(z(z) + N, k).
3 (3.109) u (3.106) mosy<mm

@ 1
Tr) = .
V12 sn(z(x) + N)
2
iy fb¢(1 —sn2(z(x) + N)(1 — k2 - sn2(z(z) + N))
a
.| 2a  en(z(x) + N, k) -dn(z(x) + N, k)
= — . )
a+b sn(z(x) + N)
[Toncrabisas snadenus Aj, upu j = 1,...,4, ojsyunm, 410 a3 = k, a aq = %,
torga u3 (3.112) moyaum, 910 yo3(z) = g - y13(x) = k- sn(z(z) + N, k), a
1
You(7) = ay - y1a(x) = ]

k-sn(z(x)+ N,k)
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BoiBoabl Kk pazaeny 3

1. ﬂaHO OII1MCaHlEe BCEX peH_IeHI/Iﬁ cucreMbl Tumna Jlakca 1Ipu ycJgoBuM, 494T0

r = 3 U MATPUILI 09, Y UMEIOT IPOCTOii criekTp. Ilosryuen aBHBII B
periennst B TepMUHAaX 0OPATHOTO JTUITHYECKOT0 WHTEerpaJja (Teope-
ma 3.1 u 3amedanue 3.1), KOTOpoe B 9aCTHOM CJIydae sIBHO BbIPAasKaeTcst
qepes ssmunTudeckne hyukinn fAxobu (ciegcrsue 3.2 u npumep 3.2).
[Ipu kBajgparnaHoit 3aBucuMocTi Marpuibl a(x) ot y(x) (r = 4) 1o-
JIydeHbl perenust cucteMbl (2.26) (Teopema 3.3) B qactHoM ciydae pe-
IIIeHHsT JIOIYCKAIOT IPEeJICTaB/IeHNs B TePMIHAX TPUTOHOMETPUIECKIX

1 rurniepbosraeckux GyHkuit (ciegacrue 3.3 u npumep 3.4).

B ciyuae xkybudeckoit 3aBucumoctn marpuiibl a(z) ot y(x) ur = 4
Haiigennr perrernst (2.26) (Teopema 3.5), KOTOpbIe MpU CIHEHATHHOM
BoIbope YT = diag(Ay, ..., \4) JOIMYCKAIOT MPEJICTABJIEHHSI C TOMOIIbIO

symnTHdeckux dyuknuit Axobu(caencreue 3.4).
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PA3/EJI 4. COBCTBEHHBIE BEKTOPHI CIIEKTPAJILHOI
MATPUIIBI

B jmanHOM pasmese mpejjiaraeTcs MHOM MOIXOJ U3ydeHus cucTeMbl (2.26),
KOTODBIfl OCHOBAH HA ONHCAHWN IMOBEJICHNS COOCTBEHHBIX BEKTOD-(DYHKIMIT
{hy(x)}| marpunst a(z), npudem ciexrp a(x) - npocroit. B cayuae a(z) = 0
u J =1 g {hg(x)}] nonydena cucrema ypastenuii (4.9) nogpasuesn 4.1.
Bech sT0oT paszmen nocssien amanusy cucreMsl (4.9) B caydae 1 = 3. B
nosipasiesie 4.2 HailieHbl perernst cucreMbl ypasHenuii (4.10) B Tom ciydae,
KorJia MaTpuIa oy jeiicreyer Ha 6asuc {hy(z)}; u 3amana dbopmytamn (4.11).
Jlano onucanme Bcex Takux pernennii (teopembl 4.1, 4.2) B TepMUHAX TPUTO-
HOMETPUIECKUX 1 THIePOONIecKIX (DYHKIH, apryMeHThl KOTOPBIX BbIDa-
JKAIOTCST Iepe3 mapaMeTpbl MaTpuiibl oq. [logpasmen 4.3 mocssien anainsy
cucrembl ypaBHenuit (4.9) B upeanosoxenun, uro og Ha {hy(x)}] neiicryer
1o nipaButy (4.27). OCHOBHBIM PE3YJILTATOM 3JI€Ch SIBJISIFOTCS TeOpeMbl 4.3 1
4.4, B KOTOPBIX [OJIyUeH sIBHbIH B COGCTBEHHBIX BeKTop-byHKImit {hg(x)}].
B noznpasnene 4.4 uccieayercss ocHoBHast cucrema ypasHenuii (4.10) xorma
r = 3 u mMarpuiia a(x) UMeeT OJHO KpaTHOe COOCTBEHHOE 3HaveHue. B moj-

pazjiesie 4.5 HalijieHbl crieluaJbHble PelleHns CUCTEMBI.

4.1. CobcTBeHHBbIe 3HAYEHUA M COOCTBEHHBIE BEKTOPBI

MaTpPHUIBI ¢(r) B CJIy4dae MPOCTOro CIeKTpA.

HNcenemyeM paspelyMoCTb CHCTEMbl YCJIOBHH CILICTAGMOCTH B OOIIEM CJIy-
qae, Korja dim B = r < oo , st a(x) > 0, npudem a(x) riajKast MaTpuUIa,
MMeeT TIpocToii crekTp, re J = J* = J~1 a a(z) - Bemecrsennast, orpatu-
genHast, HeyobiBatomasa ¢yukiusa Ha [0,{] (0 < [ < oo). Cucrema ycsoBuii

citeraemoctn (1.22) B cayuae a(x) = 0, u J = I upnmer Bu (4.1):

{ V(@) = ila(x), 0u]; (4.1)
[a(z),y(2)] =0, ~(z)=7".
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[IpounTerpupyem mepBoe ypaBaeHue cucteMbl (4.1),; mosryamm

V(z) =i [A(z), o2] + Y03
[A'(x),v(z)] =0,

(4.2)

xT

rie A(z) = [ a(t)dt. Takum o6pasoM, 3a/aua HAXOK/IEHUs PEIeHN{] cucTe-
0

MBI ypaBaernii (4.1) cBomuTes K HAXOXKICHIIO MaTpuib-byuxmmn A(x) n3

HEJIMHEITHOTO YPaBHEHNA
[A'(2),1[A(x), 02] + 0] = 0. (4.3)

To ecrb HeoOxo MO HajiTu MaTpuily A(r) Kak pelieHre HeJTMHEHHOIO ypaB-
wernns (4.3), a 3arem onpegesntsb y(x) n3 (4.2). [yers a(z) rmagkas mar-
pHIa ¢ IPOCTHIM CIEKTPOM. Boibepem oproHopmupoanublii 6asuc {hy(z)};
( hi(z) L hg(x), (K#s),||h(z)]] = 1, (1 < k,s < n)) Tak, 91006l
a(x)hi(x) = pr(x)hi(x), tae pr(x) - cobeTBeHHBIE 3HAYMEHUST MATPUITHT ()
u pp(x) # ps(x)(k # s). Onmcanne MaTpurb-byHKINN a(x) SKBUBAJICHTHO
XapakTepusalun JIByx HabopoB: Habopa cobcreenHbix dyHKimit {hg(x)}] u
HabOpa COOCTBEHHBIX YnCeNT fik(T).

Bsejem obo3naueHune

(oohi (), hs(z)) = Bar(x), (1 <k,s<n) (4.4)

TOIJIa,

ool (x Z Bl

Herpynno 3ameTuTs, 9T0

V(@) hi(x) = da(z)oshi(x) — ip(x )Ozhk( ) =

=i (a(r) — pp(x)) o2hy(x) = ZZﬁsk — () hs(z) =
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Jlemma 4.1. Ecau mampuya a(x) umeem npocmot cnekmp, mo 6exmopo
v(z)hi(z) Acaaomea ee cobemeennbvMU 6EKMOPAMU, G COOCTNGEHHBIE 3HA-

uenus onepamopa Y(x), He 3a6ucAm OM .

Jlokasameavcmeso. B Bugy Toro uro y(z) kommyrtupyer ¢ a(z), y(x) sas-
nasercsa dyuknueit or a(x), To ecth y(x) = p(a(x)), 3HAIUT, UMEET MECTO

PaBEHCTBO
Y(@)hi(z) = o(pr()) (),
YaureiBast Bropoe ypasaenue (4.1), nmeem:

a(x)y(@)hi(z) = y(z)a(z)hi(z) = y(@) (@) hi(x) = (@)Y (2)he(z).

Nrak, B cirydae IpocTOro creKTpa MaTpuilbl a(x) BeKTopsl 7y (x)hy(x) saBis-

I0TCsl COOCTBEHHBIMU BEKTOPAMU STONH MATPUIIBI, MTYCTh

(@) hi(x) = ()b (). (4.6)

[Ipeamnonoxkum, 9To coOCTBEHHBIE 3HAUEHUs ) orepaTopa y(T) 3aBHCAT OT

x, npopuddepernupyem coorrorenue (4.6),

Y (@)hi(x) + y(2)hy(x) = Gp(2)hy,(x) + & (@) hi (). (4.7)

YMHOXKIM CKaJISIPHO 00e 9acTh 9TOro paBeHCTBa Ha hy(x), YIUTBIBAst OPTO-

HOPMUPOBAHHOCTH Gasuca u (4.5), moJydum:

= ((&r(x) = v(@)) (hy, (), b () + & () (i (), () -

0 = ((h(2), (Ee(x) = (@) hi(2)) + &) ()]
B cuny camoconpsizkennoctu (), BemecrBernoctu () u (4.6) Tak Kak

|hi(z)]| # 0, snaaur & () = 0, ciegoBaresnbHo, £ He 3aBUCAT OT . []
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B ycrousix semmbl (4.1), npopnddepeniupyem cootrorienune (4.6)

Y (@)hi(x) = (& — 7(2)) by (2),

Bocrosbzyemest (4.4), mosyanm:

i) Barl) (us(x) — () ho() = (& — 7(2)) Bi (). (4.8)

s#k

YIpPOoCTUM BbIpazKeHne
(& = () hs(z) = Erhs(z) — Y(2)hs(x) = (& — &) hs().

)= 1S (e @),
(@) =13 Bl ) (4.9)

Teopema 4.1. [Tycmv mampuya-dynrkyus a(x) pasmepa [r X r] umeem npo-

cmot cnekmp o(a(x)) = {ur(x),1 < k < r}, a coomsememesyrouue co6-
cmeennvie eexmopa hy(x) (a(x)hp(z) = pr(x)hi(x)). Ecau y(x) asasemen
pewenuem cucmemst ypasrernutd (4.1), a & ee cobemeennvie wucaa ( He3a6u-
cawgue om x, aemma (4.1)), mo cobemeennvie gynryuu {hi(z)}] asaaomen
pewenuamu cucmemos ypasnenud (4.9), 2de B (x) umerom sud (4.4).

Jlemma 4.2. Bexmop-¢pynwyuu hi(z) usz (4.9) we umerom ocobernocmet

npu & = &s.

Joxasamesvcmeo. YMHOKIM cKassipHo 00e dactu papencTsa (4.8) Ha hy(x):

<z‘ S Bk (@) 11y () — () iy (), hs<x>> — (& — (@) By (), hy())

p#k
iBan () (ps(2) — p()) s (@) = (Pl (), (6 — () hs () =
= (hy,(@), (& — &)hs(@)) = (& — &) (M (@), hs(2)) -

Takum o6paszom, B cityuae & = &, noyanm Bg(z) = 0, H03TOMY MbI BIIpaBe
mmcathb (4.9) O
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B nmannom pasjese Mbl OyiaeMm u3ydarh ciaydait r = 3. Ilycrs dimE = 3,

Torga cucteMma (4.1) Oymer umeTsb BUI:

r) =i (Bi3(w)g(w)hi(z) + Baz(z) f(x)ha(w)) ;

e da) = LA () D2 0AT) gy )2 ol)

4.2. Permenue cucrembr ypasaennii (4.10), korga r = 3

(cay4aii 1).

. 3
[Ipetonozxum, 4To oneparop oy jeiictByer Ha Oasuchble BekTopa {hy ()}

CJIEJIYIOIIIM 00pa30M:

oahi(x) = Y (x)h(z),
ooho(x) = v(z)hs(x), (4.11)
02h3(:c) = E(SU)}ZQ(SC),

rje ¢ (x)- BemecTBeHHast (DYHKINS, & V(X) - KOMILIEKCHO-3HATHAsT (DYHKIUSI.

B sTom ciyuae, B cuty oproHOpMEpOBaHHOCTH Gasuca u (4.4), mmveem:

Bia(x) = Bar(z) = Pis(x) = Bai(w) = 0, Bsa(x) = v(x), Pas(z) = V(7).

Ob6osnaunm g(x)v(x) = c(x). Torna cucrema (4.10) Oyger uMeTh BUJI:

2

>

(z 0,

() = ic(z)hs(x),
( ic(x)ha(x),
(

= 1 =1,2,3.

Z’

>

/
1
5

(4.12)
hs

L i (0

X

)=
)=
)=
)

Orciona caepyer, uro hy(x) = hY.
Teopema 4.2. Ecau c(x) = a(x)+ib(x) xomnaexcrnosnavwnas gynruus, 20e

a(x), b(x) € R aunedno 3a6ucumv,, mo ecmv HaGYymcs MaxKue “ucia A u
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w, wmo Aa(x) + pb(x) = 0 (Au # 0), cucmema ypasnernud (4.12) umeem

eduHcmseerHoe PeEweEHUE

hl(x) - h(l)v
B —b(x) +ia(x)
< ha(x) = hY cos p(z) + h) N TP0) sin (), (4.13)
hs(x) = h3cos o(z) + h) blz) + iala) sin ()

2de o(x f\/a2 t) + b2(t

BaMeanHe 4.1. Us ycnosust Aa(x) + pb(z) = 0 (Au # 0) ciemyer, aro
b(z) + ia(z )

\/a2 )+ 0 (x

JKEHO 4uepe3 A 1 1 popMyJIoif hg

HE 3aBUCUT OT X, TaK KaK MOXKET OBITD BbIpa-

BbIPasKeHIe ho

t
Kpowme toro, p(x) = /A2 + ,uQ/ al )dt.
0

Joxazameavcmeo. Pacemorpum obmmuil cirydait, Koriaa
c(x) = a(x) 4+ ib(z), tae a(x), b(xr) € R nuneitno 3aBucumbl. Mcxonnas

cucreMa (4.12) npumer Bu

hy(x) = (=b(x) +ia(x))hs(x), ha(0) = hi;

(4.14)
hy(z) = (b(z) +ia(z))ha(x), hs(0) = hg.
3 Broporo ypasHenusi cucrembl (4.14) mosryanm
1 /

ho(z) = O m(x)hg,(x). (4.15)

[Ipoaucddepennnpyem 1moydeHHOE COOTHOIIEHNE

B 17~ (60 = (~b(o) + iala)(o)
1 3alliIleM ero B cjiejytomneit dpopme:

Ry — PO @ o 120) (@) ha(a) = 0. (4.16)

b(z) + ia(z)
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[To yesoButo Teopemsr a(x), b(x) € R uHeliHO 3aBUCUMBI, TO €CTh Hali Ty TCs

A
TaKne HeHyJseBble duciaa A u i, 910 Aa(x) + pb(z) = 0. Oboznatum k = ——,
u
torga b(x) = ka(x). [loncrasum B (4.16), npuaeM K ypaBHEHIIO
" . a/($) / 2 2 _
hs () hs(z) + a*(x)(1 + k*)hg(z) = 0. (4.17)

Cpenas 3ameny hs(z) = n(¢), rae ¢ = [ a(t)dt, nonyuum
0

() + (L+ k*)n(¢) = 0,

penaiennueM KOToporo sABJIAE€TCHA

1(C) = Creos (CV1+ k) + Casin (CVT+42).

CoOTBETCTBEHHO, BEPHYBIIKCH K HCXOJHOI TIePEMEHHOIl, HaXO/IUM
hs(x) = Cy cos p(z) + Cysinp(x),
X

rie o(z) =1+ k2 [ a(t)dt
0

Torma pemienue umeeT BT

hy(z) = Cicos | \/ A2+ u2/ @dt
0

Cysin | /A2 + Z/Q(t) dt | (4.18)

i

VIH
rob(t) | r o)
hs(x) = Cycos | /A2 + p? _Tdt +Cysin | /A2 + p? —Tdt
0 0

YuureiBast HauasbHble yeious, noayuum, uro Cp = hY. 13 (4.15) naxoanm

npejicTasiienne st ho(x)

(—h3sinp(z) + Cs cos p(x)) , (4.19)
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rie o(x) = V1+ k> [ a(t)dt
0

M3 nayaabHbIX yC.HOBI/Iﬁ HaﬁﬂeM BbIpazKeHne IJigd

k+i —>\+z,u 0 b(z) + ia(x )

Cy = hy———
itk \/A2+u Va2 (x) + B (@

TO €CTb

ho( hYcos [ /A2 + /

+h§\/§+—%' VA2 / ar | (4.20)

Torna permrenne cucrembl ypasuennii (4.12) umeer Buj (4.13). O

Teopema 4.3. Ecau c(x) = a(x) + ib(x) xwomnaexcnosnaunan dynryus,

ede a(x), b(x) € R makosv, wmo

a'(x)b(z) — = kv/(a%() + b2(x))3,

ede k—const, mo cucmema ypasrenut (4.12) umeem edurncmeennoe peweHue

hi(z) = hy;
b .
hg(x) (l’) ZCL(I') /)\1 (Bl engo(x) _B2 exp—go(x)> +
< b\/a2 + () (4.21)
(z) — ia(x) \/ Ao (Bg expw(x) - By expw(x)) :
\/ a?(z) + b (x
h3( ) — Bl exp(p( ) _|_B2 exp_cp(x) +B3 expw(x) _|_B4 exp_w(x)7

\

ede Bk eC, (k=1,4), Onpeﬁeﬂﬂmmm UB HONAADHDIT ycaoeuil,
\/_f¢ p) + b2(p) dp, ¥ \/_f\/a2 +0%(p) dp, a A;

—(2+ k2) + k:2(k:2 +4)

2
3ameuanue 4.2. B ciyuae By = By, a By = —Bs, pelleHus CUCTEMbI

(i - W), KOpHU YPaBHEHUA A2 =
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npuobpeTaT BU/I:
ha(z) = hY;

ho(z) = hY cosh¢p(x) + \/222 = 152 z) \//\Tsinh o(x);
nh(z).

b(x )+za( )
Vo a*(x) + b3 (x

hs(z) = hY cosh () + h2

Jlokazameavcmeo. Pacemorpum ciydait, korma c(z) = a(x) + ib(x). Ucxos-
Hasi cucrema (4.12) npumer Buj (4.14), npoauddepennuposas BTopoe ypas-
HeHne KoTopoii, npugem K (4.16).

[Iycte hs(x) upencraBnsiercss B Buzme hg(z) = z(x) + diy(z), rme
z(x), y(x) € R. llpupasuss BemiecTBeHHble 1 MHUMbIE YacTi (4.16), mo-

JIy9UM CUCTEMY ypaBHEHWUI:

(L 1(@@) + V(@) , | (@(@)bx) —a(z)V'(z)) ,
S e S B o B = R
+(a(x) + B(x))z = 0;
y L@@+ F@) (@) —aw¥@)
2 aX(z) + b¥() a(z) + b*(x)
| +(a*(2) + b*(2))y = 0;

B obosnauennsx t(xr) = \/a?(x) + b (x), a s(z) = a(z) cucrema (4.22)

b(x)
HpI/IMeT B/
o V@), @) e
i T (x)z =0 a2
" t(x) I 5(732 ’—|—t2(:c)y:O,

[IpeoOpasyem 3Ty cucremy

( z )/+t2(33)z = —ﬂy’;

Hz)/, 1/??“(9:)
Yy 2 I Y /
(t(w)) TN =T

Beimosiaim mojicranoBky y = 1n(€) =1 ( [ t(p) dp), a
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X
z2="((&)=( < [ t(p) dp) , KOTOpasl IIPUBOJUT K CHCTEME YPABHEHMH

0
LSO N

(1+ ,f2()x)) (2 (4.24)
)t(x)

¢"+¢= -

X

/! _
= (1+ s%(x

[To ycnoBuio TeopeMbl = k, e k — const, To ecTb

(1+ s%(x))t(z)

"+ C =~k
0+ = k('

(4.25)

Besem B paccMoTpeHne B3alMHO IT€PECTAHOBOYHBIE OTIEPATOPHI: Olepa-
Top muddepennupoBanusd D u JUHEHHBIN otepaTop L, KOTOPBIi gAeiicTByeT
Ha [epeMeHHyo 1) ciaeaytomum obpasom Ly = n”+n. Torga (4.24) sanumercs

TaK:

L( = —kDn;
Ln = kDC(.
[Ipumenus onepatop L K KaxKJ0My U3 ypaBHEHUIT CUCTEMBI, TTOJIYINM
(L2 + /<:2D2) ¢=0;
(L2 — k2D2) n=0.
CootsercrBytorniue auddepeHiaibibie ypaBHEHNUsT UMEIOT B/
(O + 2+ R+ (=0,
N+ 2+ k)" +n=0
U perieHns Buja
C(€) = CrexpV™E +Chexp VM +Cyexp¥™ +Chexp V™, (4.26)
— (24 k%) £ /K2 (k* + 4)

rae \2 =
Beipazxenue st 1(€) anagornano (4.26). Torma, Bo3Bpamniasch K HCXOJI-

HBIM [IEPEMEHHBIM, 1 B By IpejcraBienns hs(x) = z(x) + iy(x), momyamm
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X

rie By € C, k=14, p(x) = VX [t(p) dp, a ¥(x) = Vs [ t(p) dp
0
I3 (4.14) naiinem Boipazkenue yist ho(x).

(hs(2)) (b(x) — ia(x)) _
() + a(x)

blz) — ia(2) \/ A (31 exp?") — B, eXp_S"(x)) +
\/b2 )+ a?(x

b(l") — ia(z) e ()
\/bQ YT \/)\72 (Bg exp”" — By exp )

hg(l’) =

[ToscraBuB Hada/bHBIE YCJIOBUsI, MOXKHO OIpEIe/NnTh KoHCTaHThl By € C,

(k =T,9). .

4.3. Pertenue cucrembl ypaBaennii (4.10), korjga r = 3
(cayuaii 2).

. 3
[IpetomnozKum, 4To onepaTop o9 JieficTByeT Ha Ga3ucHble BeKTopa { by} cile-

JIYIONIUM 0Opa30M:

7

o2hi(x) = ()b (x) + p(x)hs(z),
§ o2hs () = v(x)hs(z), (4.27)
| 02hs(x) = p(x)h(2) +T(2)he(x),

riae ¥(x) - BemecTBennas GyHkust, a v(x), u(r) - KOMIJIEKCHO-3HATHDIE

dyukmuu. B aTom ciryydae, B cnty OpTOHOPMUPOBAHHOCTI OA3UCHBIX BEKTOPOB

u (4.4), moayaum:

Pra(z) =0
Por(z) =0
) Bia(x) = p(a)|[ln (=),
Bs1(x) = p()|[hs ()],
Baz(x) = ()| ha() |
| Ba2(x) = v(@) || hs(2)]|*.
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Taxum obpasom, cucrema (4.10) Oyaer uMerb BHT:

(4.28)

[TycTn

v(z)g(x) = c(); plx)f(z) = k(x), (4.29)

Torja cucrema ypasaenuii (4.28) sanuiiercsi B ciejyroreit popme:

(4.30)

Jlemma 4.3. Ecau ¢, k - xoncmarwmol, mo cucmema ypasrenuti (4.28) ume-

em eduncmeentoe pewerue:

\

khY
hl(SL‘) = h(l) + \{]:/;2:_}?2 Sil’l(’\/ k2 + c? :C)+
c
k%h khS
—|—% cos(Vk?>+ 2z —1),
c
. ho
ho(z) = R + \/%Sin(\/l@ + )+ (4.31)

+c

kho 2h0
+—C 1 Chy cos(V k24 2z —1),

k2 4 c2

kR +ichy .
h3(z) = hY cos(vVk2 + 2 ) + % sin(v k2 + 2 x).

Jlokazamenvemeso. Eciu ¢, k - KoHCTaHTBI, TOT/Ia cucTeMa ypapaeruii (4.30)

IIpUMET BU:

(4.32)
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[Ipoauddepennupyem TpeThe ypasHenue cucreMbl (4.32), moryanm
hy(x) = ikh)(z) + ichh(x) = —k*hs(x) — *hs()
hy(z) + (k* 4+ ¢*)hg(z) = 0
Pemennem sToro ypasaenust OyJer

hs(x) = Cy cos(V k? + ¢ z) + Cysin(V/ k? + ¢ x) (4.33)

I3 navajabHbIX yesiosuii jerko onpeaeants Cp = hJ. TlojcraBus moJryuer-

HOE pellieHle B TIepBbIe JIBa yPaBHEHNUsT CHCTeMbI (4.32), onpeie/inM pereHnst

hl(:c) " hg(x)
Wy (z) = ikh cos(v/ k2 + ¢ x) + ikCysin(v/ k2 + ¢ 1)

ikhy ikC
hi(z) = \/kQ:_i’CQsm(\/ k?+c2x) — 2_cos(V k2 + 2 x) + Cs;

Ve
ich? . 1cCy
hQ(CIf) = \/kQ:_l?_)CQSIH( V ]432 + 02 l') — WCOS( V kQ + 02 l') + 04,
0

Ucnosbays Havanbubie yeaosus hy(x) = hY, ho(x) = hY, noayuum, urto

kCo
Cy = hY + —=——2
’ VR &2
o ikCy
G=ht ara

CoorsercrBento, pernenus hi(x) u hy(x) npuMyT BHT

4 kho
hy(x :ho—i—z—?’sin VE2 4?2 x)—
! 2:/k2+62
1kCy 12 2 )
—k2—_|_c2(COS( ]{7 +c I)—l),
ich?
h —h+ —3 sin(Vk2+c2a)—
ox) = W+ (VR )

—\/;;—Cijé(cos(\/ k2 +c?x) —1);

Haiinem Boipaxkenne jijist Co, npumenus (4.33) K TpeTbeMy ypPaBHEHUIO CH-
crembl (4.32)

hh(x) = ikhY + ichd — v k2 + c2hY sin VE2+c?x)+
3 1 2 3
+ CoV k? + 2(cos(V k2 + 2 x) — 1),

(4.34)
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TO €CTh,
khY + ich)
0, = ey (4.35)
VE? 4
[Ipu nogcranoske (4.35) B (4.33) u (4.34), nosnyuanm (4.31) O

[Tycte B cucreme (4.28) c(z) = a(x) + ib(x), a k(x) = m(x) + in(z),
rie a(x),b(z),m(x),n(x) € R. Cuanraem, uro c(z) = a(z), k(z) = m(x),

torga cucrema (4.30) nmpumer Bu;

/ ( .
1
h(x) = ia(x)hs(x),
) 1460) = ia(e)ha(a) .
hs(x) = im(x)hi(z) + ia(z)ho(x),
_ 50
\hl(O) =h, 1=1,2,3
a COTpsi?KeHHasl eif cucrema, COOTBETCTBEHHO:
(
hy(z) = —im(x)hs(x),
ho(x) = —ia(x)hs(x),
J500) = ~ia(olu) o

Ucnonbays cucremst (4.36) u (4.37), nosy<um cjeayroline BbIPaXKeHus JJis

im(zx), ia(x).

R 1 B )
R A )

[TopcTaBUB COOTBETCTBYIONIME BBIPAXKEHWs, B TpPeThbe ypaBHEHNE CHCTe-

Mol (4.36) u (4.37) , mOJIydnM COOTHOIIEHUS,

hiy(x) - ha(z) = —hi(z) - ha(x) —

hy(x) - hy(x) = =l (2) - ha(x) = hy(z) - ha(x),

CKJIaJIbIBasd KOTOPbBIE, IIPUXOJNM K

hiy(x) - ha(x) + hi(x) - hs(x) =
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~ (M@ - (@) + By (@) - Ba) + B (@) - ha() + By(w) - hal))

Taxum obpazoM, MOJYIUM 9ITO

(hs(2) - Bs@)) + (M) @) + (o) - Ff)) =0,

I
1h1 (@) 1* + [[h2(2)[|* + || ha()]|* = const (4.38)
UTaK, JJoKa3aHa

Jlemma 4.4. Jlaa pewernuti cucmemo, ypasneruds (4.36) ewnoansemcs co-

ommnowenue (4.38).
[Ipeamnonoxknum, aro a(x), m(z) auueiino 3aBucumbl, npudeM a(x) = k -

m(x), tne k € R, k # 0, Torna cucrema (4.36) npumer Bu:

hi(z) = im(x)hs(x),
() = tkm(z)hs(z),
hi(z) = im(x)(hi(z) + kha(x)),

(4.39)

Jlemma 4.5. Ecau k € R, mo cucmema ypasruenut (4.39) umeem edumn-
CMBEHHOE PEUEHUE:
( in
hi(z) = hY cos p(x) + N sin ()

ikhy
\ ho(z) = hY cos p(z) + \/ﬁSstmcp(a:) (4.40)
hs(x) = hYcosp(x) + ih{V1 + k2 sin (),

\

ede p(r) = V1+ kQ/ m(t)dt

Hoxaszameavcmeo. Ilponuddepeniiuposas ele pa3 COOTHOLIEHHE

hi(x) = im(x)(hi(z) + kho(x)), monyaum ypaBHenue

() = " o) )1+ K hala) =0,
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peImB KOTopoe, pujaeM K
hs( 3608\/1+k2/m dt+0281n\/1+k2/m

[TogcraBus ero B Boipazkenue Jyist hy(z) cucrembr (4.39), mosyanm

hi(x) = im( 3COS\/1-|-]<72/ m(t)dt+

z)Coysin /1 + k:2/ m(t)dt (4.41)

Unrerpupys, mnoayanm

ihy .
hi(z) = \/ﬁ siny/ 14 /4;2/ m(t)dt—

ics cosvV 1+ k:2/ m(t)dt (4.42)
0

Ucnonbsys nauaabibie yeiosust hi(0) = hY, nonyunm, uro
e
V14 kY

a snaunt, Cy = ihdv/1 + k2.
Urak, npumum x Buxy i hi(x), hs(z) B dopme (4.40). Ananormtano

HaxXonuM BT Jist hao (). O]

Teopema 4.4. Ecau a'(x) = k(x)a(x), m'(x) = k(x)m(z), k(x) # 0 mo

cucmema ypasuenut (4.36) umeem eduncmeennoe pewerue

nﬁ/m

p

hi(z) = 1COS\/02/ m(t dt+

 ho(z) = 2(:08\/71/ \Z/Cilsin \/a/ a(t)dt (4.43)

hs(z) = hgcos\/Cl/ (t)dt + ih3v/C, sm\/C'l/

\
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npuyem hs(x) donyckaem ewse 0dno npedcmasaerue:

hs( 3cos\/Cg/m dt+zh1 CQSIH\/CQ/’ITL

_a(z) + mP(x) VO — a’(x) + m?(x)
ede C1 = 2(2) , 0 Cy = ()
Jlokasameavemso. Ilyers d'(z) = k(x)a(z), m'(z) = k(x)m(x),
k(z) # 0, torna o' (z)a(z) = k(x)a*(x), anmamornuno m'(z)m(z) =

1
k(z)m?(x). CxiajpiBast, 10JIydaeM COOTHOLICHHE: §(a2(:1:))' + §(m2(a:))’ =

k(z)(a*() + m*(z)) nm

1

5(@ (@) +m(2) = k(x)(a*(z) +m*(z)),

peunB KOTOPOE, MbI IIPDUAEM K BbIpazK€HNAM J1JId KOHCTaHT:

_d*(z) + mP(x) o O — a?(z) +m?(x)
I R )

3 () = k(x)a(x) wm m/(z) = k(z)m(x) Mot nogcrasmsim. [losromy u

, B 3aBUCUMOCTH OT TOI'O, KaKOe

MOJIYINM JIBA YPABHEHUs [JTsi HAXOXKeHust hg(x):

W () — ”7;(()) () + Com® () g () = 0,
o ()

a(z)

Permas st YpaBHEHN, BOCIIOJIb30BaBIINCH Ha4YaJIbHBIMU YCJIOBUAMMU,

hy(x) — hy(x) + Cra®(z)hs(z) = 0.

npuaeM K COOTHOIIICHUAM:

hs(x) = h3 cos \/Cl/ a(t)dt + Cssin \/01/ a(t)dt
0 0

hs(x) = h3 cos \/CQ/ m(t)dt + Cysin \/6’2/ m(t)dt
0

[lepBoe U3 HUX UCIOJIB3YEM JIjisi HAXOXKeHUsT ha(x), & BTOpOe, aHAJIOIUIHO,

TJist Haxoxkjierust hy(x):

R (x) = im(x)h3 cos \/52/ m(t)dt + im(x)Cysin \/?2/ m(t)dt
0 0
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uTerpupys, moayanm

. 0 z . z
hy(x) = \Z/hc%sin \/C’g/ m(t)dt — \Z/%cos \/Cg/ m(t)dt
0 0

Hcnonbsys nadanbubie yeaosus hy(0) = hY, nomyuum, 4ro

Cy = in/Coh,

AHAJIOTUIHO, JIJIsT hao ()

Cs = i\/C1hY.
Urak, pemenns cucrembl (4.39) npejcraisaiorcst B Buje (4.43). O

Jlemma 4.6. FEcau a(x)cose = m(x)sing u hg(x) = hi(x)cosyp +

ha(x) sin @, mo cucmema ypasnernutd (4.36) umeem eduncmeentoe pewenue

m2(t)+a?(t)dt
ha( —h0+2h0/ m(y e:L'pO dy,

ha() = h + ih) / o(gleap ] VO (444)

0

x\/m2t+a2tdt
hs(z) = hgexpof et :

o

\

Jlokazameavcmeo. U3 neporo n BToporo ypasHeHwuii cucteMbl (4.36) BbIpa-

sum im(x) u ia(x) coorBercrBenno. [locse MONCTAHOBKE B TPETHE, TOJIYINM
hs(2)hs(z) = Bi(x)hy(x) + h(x)he(z). (4.45)
Jlornano uckats hs(x) B Takom Buje: hy(x) = hy(z) cos ¢+ ho(x) sin . Eciu

a(x) cos p = m(x)sin p, To

m(z) . a(z)

cos ¢ = , singp = :
v VmA(x) + a?(x) v Vm2(z) + a?(x)
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Torna cucrema (4.36) npumer Bu/I

hy(z) = iy/m2(x) + a®(x) cos phs(z),

) ) = i/ T T ). "
hy(z) = iy/m2(z) + a®(x)(h1(x) cos ¢ + ha(z) sin ),

\hZ(O) = ho, 1 = 1,2,3

Tperbe ypasaenue cucrembl (4.46) neperuiemM B Bu/ie

= i/m2(z) + a®(z)hs ().
JIlerko BUJIeTH, 9TO pelieHneM ypaBHeHUs OyIeT

f\/m2 t)+a?(t
hs(w) = hiexpd
[TojcraBus ero B nepBbie JBa ypaBHeHust cucreMbl (4.46), TOJyIUM CHCTEMY
u3 JBYX JuddepeHnuaabHbIX YpaBHEeHUI:
( T
‘ [ A/ m2(t)+a?(t)dt
b () = im () Wjeap ,

a?(t)dt
) — dalaphead VT (447)

hi(0) =h0, i=1,2,3.

\

Pemup kaxkjoe n3 ypaBHeHuii, mosyanm perienne cucrembl (3.30) B Bu-

ne (4.44). O

Teopema 4.5. Ecau a(x) cos p(x ) + m(z) sin cp( ) =0 u p(x) - dufdepen-

yupyemasn Pynryus, npuvem @' (x) = C \/ m?(x) + a®(x), ede C'— const, mo
cucmema ypasuenuti (4.36) umeem eduncm%HHoe pewerue

4

hi(x) = hcos B(x) — Chysin B(x)—

—i(1 — thsmﬁ() 0s (),
{ hax) = h§cos B(x) + Chisin B(x)+ (4.48)
+i(1 — C?)hgsin B(z) sin (),

hs(x) ho — Zfsh;(sn)l #(r) sin B(z) + ih3 cos B(x),

)
(z
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ede B(x) = \/Cz+1f\/m2 t) + a?(t)dt.

Sameuanue 1. Bblpa}KeHI/Ie 1tst hg(x) momyckaeT ciieryoree mpe/cTaB-

JIeHHE
—hY +iChJ cos ¢
sin ¢

hs(z) = sin 3(x) + ih3 cos B(x).

oxasameavcmeo. Bynem nckarh perieHne B BUjIe

p

hi(z) = u(x) cos p(x) + v(x) sin p(x),
ho(x) = —u(z) sin p(x) + v(x) cos p(x), (4.49)
\hg(il?) = hg(ZU)

7\

[IpoaucddepeHnnpoBas 9TH COOTHOIIEHNS, IPUIEM K

(hi(2) = u/(z)cos p(x) — u(z) sinp(a)y!(x)+

/(@) sin(a)p(x) + v(x) cos p(2)¢ (),
$hy(a) = —u'(x)singp(e) — u(x) cos pl)p @)+ (450)
/() cos () — v(a) sin o (2)¢ (),

(@) = ().
B pesysbrare, nocie nogcranosku B (4.36) mosyanm

/

/() cos pl(z) — ulx) sin ()¢
+o(x) cos () (x) = im(x)hy

{ —u () sin p(x) — ucos p(x)y'(x) + v'(x) cos p(x)— (4.51)
—o(w) sin ()¢ (z) = ia(x)hs(x).

Wy () = im () () + ia(a)ha(a).

YMuHOo)kuUM TepBoe ypaaerne cucrempl (4.51) ma a(x), Bropoe ma m(x) n
BBIUTEM, & TIOTOM yMHOXKHM TepBoe Ha m(x), Bropoe Ha a(T) U CIOXKHUM.

Coryacto yesosuio TeopeMbl a(x) cos o(x) + m(z)sinp(x) = 0, nmosromy
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[IOJIyYUM CJICIYIONLYI0 CUCTEMY ypaBHEHUI

(

—u(z)¢'(z) + v'(x) = 0,

) (m(z) cos p(x) — a(x) sinp(x))(u'(z) + v(z)¢'(z)) =
= ihg(z)(m*(z) + a*(x)),

| h3(2) = im(2)hi(z) + ia(z)ha().

(4.52)

Haiinem Boipakenne jijist m(z) cos p(z) — a(x) sin p(z).

m?(x) + a?(x)

m(z) cos p(x) — a(z)sinp(x) = — ( 2(2) > sinp(z).  (4.53)

[Tocste sToro, cucrema (4.52) npumer Bu/L

p

—u(z)¢'(x) +'(z) = 0,

QU () + vy (x) = —ihs(x) sircll(gf()a:)’ (4.54)

\hg(a:) = im(z)hi(x) + ia(x)he(z).

HOﬂCTaBI/IM COOTBETCTBYIOIIIME BbIPpaKCHUA B TPETbLE YpaBHEHHUE CHUCTE-

Mbl (4.54), a nMeHHo

hy(x) = du(z)(m(z) cos p(x) — a(z) sinp(x))+
iv(zx)(a(x) cos p(x) +m(x)sinp(z)) (4.55)
VLJIH 2) + a(z)

a(x)

hy(2) = —iu() (mQ(

rak, cucrema (4.54) npuobperaer Bi

) sin ().

(

—u(z)¢'(x) +'(z) = 0,

Qu'(z) +v(z)¢' () = —ihs(z) .a(x) ; (4.56)

) sin ()
By(2) = —iulz) (m (z) +a (f”)) sin ().

a(z)

\
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Beipasum u3 niepsoro ypasuenus (4.56) ¢'(x) u mojcraBuM Bo BTopoe

-2

Qu'(x) +v(z V(@) _ —ihs(z) alz) (4.57)
u(z) ) sin () '

\hg(a:) = —iu(z) (m (x;(_;)a (x)) sin p(z)

[Ipeobpasyem BrOopoe ypashenue cucrembl (4.57) u(zx)u/'(z) + v(z)v' (x) =

—u(x T a(z)
(x)hs( )Singo(x)

u(z)u'(z) +v(x)v'(x) = hy(x)h () + hy(2)ha(x) = hy(x)hs(2).
a(x)

. Bocorbzyemcest coornomennem

Taxum obpasom, hs(x) = —iu(z)— :
sin ()
ComocTaBiB 9TO COOTHOIIEHNE C TPETBUM YypaBHEHHEM cucTeMbl (4.57) | mpu-

JIeM K
2 2

.a(x) _ m*(z) + a*(z) sin (z).

sin () a(x)
OTKY/Ia

a(z)
sin
p(r) = NEOETE0)

COOTBETCTBEHHO

CcOS m(x)
() = NEOETEE)

Teneps cucremy (4.56) MOXKHO 3aIcaThb Tak

/(@) — ulw)'(z) =0,
() + v(z)' (x) = —ihg(z)/m2(x) + a2(z), (4.58)
hy(z) = —iu(x)\/m2(x) + a2(z).

\

Myers u = u(y), v = v(y), hs(x) = hly), vac y = [ /m?(0) + @ ()dt,

TOTJIa,

() — ' (2) _9
(y) —u(y) NG (x/)( JSCL2 Ol
W v L = —ih(y), (4.59)
(y) +v(y) ) T ()
W(y) = —iu(y).
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¢'(z)
Vm?(x) + a*(x)

(v'(y) - uly)C =0,
¢(y) +o(y)C = —ih(y), (4.60)
| (y) = —iu(y).

[Tpouddepennupyem Bropoe ypasterne cucteMbl (4.60), mostyamm

[To ycnoBuio Teopembl = C, tae C' — const, Torna (4.58)

IIpUMET BU

u(y) + Cv'(y) = =ik (y),

MOJICTABIM COOTBETCTBYIOIIE Bhipaxkenus Jyist v'(y) u h'(y), B pesynbrare

IpHUJEM K yPaBHEHHIO
u"(y) + (C% + Du(y) = 0,
13 KOTOPOIO JIE'KO HAXOJATCSI PEIIeHNs]
u(y) = Crcos f(x) + Casin f(x)
rie B(z) = vVC? + 1y(x). Torna u3 nepsoro ypasuenus (4.60)
v'(y) = u(y)C = CCycos f(x) + CCysin B(x),

OTKY/IQ MOJLYIaeM

o(y) = C (Cysin flz) — Cycos B(z)),
AHAJIOIUYHO JIJIA BTOPOIO YPABHEHUs]

My) =i (Cisinf(x) — Cycos f(z).)

Taxum obpaszom, hs(z) mMeeT cieyrolee peICTaBIeHIe

hs(x) = i (Cysin B(z) — Cycos (),

rie B(z) = \/C'Q—I—lf\/m2 t) + a?(t )dt’a\/m;pl(i)a? ):

3 magasibHBIX yeaoBuit onpejessieMm, ato Cy = —zho
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st hy(x) n ho(z) mOMTyTIaeM COOTBETCTBEHHO

hi(x) = (Ci cos B(x) — ih§sin B(z)) cos p+
+ C (Cysin B(x) + thy cos B(z)) sinp (4.61)

ho(x) = — (Cy cos B(x) — ihysin B(x)) sin p+
+ C (Cysin B(x) + ihy cos B(z)) cos ¢ (4.62)

Omnpejiesium C 13 HAYAIBHBIX YCJIOBUIL.

h —iChysing  —hy+iChfcosp
cos B sin

C) =

HO,ZLCT&BI/IB COOTBETCTBYIOINIME BbIpazKCHHA, IIPHMAEM K PpEIIeHuIo CucTe-

Mol (4.36) B Bugie (4.48). O

4.4. CoOcTBeHHBbIE 3HAYCHUd U COOCTBEHHbLIE BEKTOPbI

MAaTPHUIIBI a(T) B CJIydyae KPATHOTO CHEKTpa U 1 = 3

[Iycte a(x) rrajkast MaTpuiia ¢ KpaTHBIM CIIEKTPOM. Beibepem opToHOpMU-

poBanHbIi Oasuc hy(x) Tak, aro
hi(z) L hy(z), (K #s),|h(2)|| =1, (1 <k,s<3) (4.63)

tak, 91006l a(x)hi(z) = prp(z)hi(x), toe pg(x) - cobcTBeHHbIC 3HAYCHUST
marpuibl  a(x). He orpannunsas obiHocTH, GyjeM cauTarh, 910 fi1(x) =

po(x), pi(x) # pus(x). Boemonbsyemes nepseim ypasrenuem B (4.1):
v (z)hi(x) = ia(x)oshy(x) —iosa(x)hi(z) = ta(z)oohy () —ioop(x)hi(x).
Bsenem obosnadenne

<02hk(x)7 h5($)> — ﬁsk’(x)a (1 <k,s< TL)
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YaurtbiBas oohy(x E Bsk(x , TIOJTYIUM, ITO

V(@) hi(x) = ia(x)oahy(r) — iz )02hk( ) =

=i (a(x) — pr(z)) oahy(x —ZZM pr(2)) hs(z) =
s#£k

Torna

) = 13 a(e) (1) — () ) =
8 (@) (1) — () )

o) = 1S a(e) (1) — pale)) ) =
 iB() (s(2) — i) ()

o) = 15" a(e) (1) — () ) =
i n(x) — () (Buaa)n(a) — Ba(ahol))

3 Broporo ypasHenusi cucrembl (4.1) mosryamm

=
)
N—
=
S
I
M
s
N—
=
=
N—
+
7%
=
[\
&

ha();

rie &s(z) € C, (1 <k, s <3).
[Tpouddepennupyem nepBoe u3 ypabHenuii cucrembr (4.64)

Y (@)h () +y(2)hy(z) =

(4.65)
= {n(@)h(z) + (@) Ry (2) + Ea()ha(x) + Eia(2) ().
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YuuoxkuM (4.65) wa hg(x) ckansipro, yantbiBas (4.63), moryanm

iB31(x) (s(x) — () (ha(x), hs(x)) + (hi(x), y(x)hs(x)) =
@11(56)}1 (37) ( )> <€12( ) ( ) hS(x» (4.66)
iBs1(x) (ps(x) — () +

+H(&as(x) — () (M (), ha()) = Era() (o (), ().

Anasnornuno, npoauddepeniuposas Bropoe ypasHenue (4.64) 1 JOMHOXKUB

ero ckassipao Ha hs(x), MpuUIeM K BBIPAYKEHUIO

iBs2() (ps(x) — pa()) +
+(&33(2) — Eaa(2)) (M) (@), ha(@)) = Gz() (), hs(2)),

u, npoancdepeHImpoBaB TpeThe ypaBHeHue cucreMbl (4.64), moydnm, 9ro

V' (@)hs(x) + (@) hy(2) = Ea3(w) ha () + Es3() iy ();
((Br3(x) () + Baz(x)ha(2)) (pa () — pa()) +
5(2) = Ega(w)hs(x) + Eaz(@) hy (2

+y(@)hy(z) = Yhs();
< 5(2),7(@)hs(2)) = E3(x) + (Eas(@)hy(x), h ( ));
§a3(2) (3 (), ha(w)) — Eaa() (hy (@), ha(@)) = E33().

Taxum obpazom, Es(x) = 0, To ecTb €33 HE 3aBUCUT OT x. YMHOKIM (4.65)

(4.67)

(4.68)

ckaJIIpHO Ha hy(x), mosy M

iBa1(x) (p3(2) — pa () (s (), b (2))+
+(i (), y(x)h(2)) =
() (), h(x)) + (2(2)hy(2), hn(2)) + &1 (2);
(P (2), € (2)hn () + &1a(2) ha(2)) =
(Eu(x)hi (@), b)) + (E2(2)hs(x), hi(2)) + &1 (2),

TO €CTb

€12(2) (M) (2), ha(@)) = &12(x) (M (), ha(@)) + €11 (). (4.69)
[Ipn ymnoxernnu (4.65) ckasspio ma hg(z), mosyanm

§i2(x) (M (), ha()) — (ho(x), ha(2))) +

h (4.70)
+(&2(x) — &1 (2)) (R (2), ha(z)) = &1a().
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[Ipoauddepennuposas BTopoe ypaHeHue cucteMbl (4.64) u yMHOXKHUB €ro

ckaJisipHO Ha hi(x), a moroM Ha ho(x), HOTYyUNM CJIEIYIONIIe COOTHOIIEHMUST

&i2(x) ((hy(), ho(z)) — (M (), ha (2 )>)+
+(1 () = &a(@)) (B (), ha(2)) = & (@);
S1a(x) (hy(x), b (2)) = &ua(2) (R (), ha () + &3 (); (4.72)
Croxus (4.69) u (4.72), moayaum, arto &1 (x) + &y (x) = 0. Vcnonn3yst (4.66)

u (4.67), 3ammiiem cucreMy ypaBHEHHI

(4.71)

(€35 — €01 (@)) (W (@), (@) — Eua() (), h()) =
) = if31(z) (1 () — ps(z)); B (4.73)
(€33 — Sa2(@) ) (R (), hs()) — &i2(w)(hy(x), hs(x)) =
| = iB32(2) (na2(z) — ps(x)) .
Pemum ee o npasuiny Kpamepa
_ [ — &u(x) —gL(I) _
§33 — f22($)i12($)~
= &12(@)(§33 — §22(w)) — &r2(2) (E33 — &n1(@)).
. iB31(x) (pa(z) — pa(x)) —&2(x) |
iB3a() (p2(7) — pis()) —Epalw) |
=i (p1(z) — p3(x)) (Baa(x)&12(x) — Ba1(2)&12(2)
- €33 — &1 () iB31(x) (pa(x) — ps(x)) |
Es3 — Eao(x) iB3a(x) (pa(x) — ()|
=1 (p1(x) — p3(x)) (B2(z)(§33 — &11(w)) — Ba1(w)(§33 — Ea2()))

To ectb, ¢ yuerom Toro, uto jui(x) = po(x)

(1 (), hy(a)) = 3L =

_ (@) — pa(x)) (Baa(2)€12() — B (2) &1 () (4.74)
12() (€33 — E22()) — &r2()(§33 — 11 ()
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(Wy(), b)) = 22 =

_ i () — pa(x)) [Baa(x) (€33 — &ua % Bar(2)(Eg3 — Ean())]  (47D)
E12(2) (€33 — &o2(2)) — E12(7) (E33 — En1())

[Ipoauddepennuposas Tperbe ypasHenue cucreMmbl (4.64) ¢ yaeTom TOrO,

910 €33 HE 3aBUCUT OT T, U OCJIe, YMHOXKHUB ero cHadasia Ha hy(zr), a motom

Ha ho(x), TONYINM CIEIYIONIYIO CHCTEMY ypPABHEHMIT

(&3 — Enn()) (s (), ha(z)) — Eia()(hh(x), ho(x)) =
= if13(x) (p(x) — ps(z));
—&1a(x) (P (), ha(z)) + (€33 — Eaa(x)) (h3(2), ho(x)) =
= iPa3() (1 (z) — ps(x)) -

Taxzke permuMm ee 1o mpasmry Kpamepa,

_ |G~ Enlz) —&a(x) _
—&12(x)  &33 — Eaa(T)
= (&3 — &22()) (&33 — &1 () — & (w);

iBra(x) ((x) = pa(x))  —E(x)
iBa3(w) (1 () — p3(x)) &35 — Eaa()
(
)

(4.76)

1:

= i(pi(2) — p3(x))(Bas(@)1a(2) + Bra(x)(&a3 — &a2(2)));

€33 — 11 () iBr3 () (pa () — pa(x)) |
—E(x) i) (pu () — ps()) |
= (1 (z) — p3(w))(B23(x)(E33 — &11(w)) + Biz(x)&1a()).

2 =

To ecTb
(1) b)) = 3 =
_ i (pa(x) — ps(x)) (Bos(2)E12(x) + Bis(x) (€33 — Exo(2)) (4.77)
(€33 — E2(2)) (33 — En1 () — () )

(1), hafa) = 32 =

_ i(p(x) — ps()) (Bas() (€33 — En()) + Bis(x)81a()) (4.78)
(€33 — &22(2)) (&3 — &ui (@) — €5(2) '
Nrak, momydenst Boipazkenus st (b (x), hs(x)),  (hh(x), hs(x)),

(R (), (), (Ra(x), ho(x)) B Busie (4.74), (4.75), (4.77), (4.78).
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4.5. CrenmuajapHoe pellleHne CHUCTeMbl ypPaBHEHUIl NHpu

AOIIOJIHUTEJIbHbBIX YCJIOBAAX

[Iycts &12(x) € R, marpuna-dyakinns a(r) uMeer OJHO JBYKpaTHOE COO-
CTBEHHOE 3HAYeHNe He OIPAHNYMBAsl OOIMIHOCTHU, CUNTAEM, KaK OBLIO CKa3aHO
BhIIIe, 9TO f1(x) = po(x), u omepaTop oy JeicTByeT Ha Oa3MCHBIE BEKTOPA

{hi(2)}} cremyromm obpazom:

o2hyi(x) = Y(x)hi(z),
ooho(x) = v(x)hs(x), (4.79)
oohs(z) = U(x)ha(x),

riae ¥(x)- BemecTBeHHasd QYHKIWNA, a V(T) - KOMIUIEKCHO-3HATHAS (DYHK-

= Ba1(z) = 0, B(r) =
4.77), (4.78) cremyer

nus, nostyduM, 4ro Sio(z) = fo(z) = Pus(z
v(x), Bog(z) =v(x). Torma uz (4.74), (4.75),

) =

<

(o) ) = 22y ) A2,
i)l

i(p3(x) — ))e() (33 — &11(x))

(hy(x), hs(r)) = ;
512( )(f 2( ) 511(53))

i (1 () — () P(@)€an() (4.80)

(533 a2(2)) (§33 — &) — 512(@

i () — ps(@)) o) (33 — & (w))

)

)

(hs(x), b (x)) =
(h3(@), ha()) =

(€33 — &a2(2)) (&35 — &1 () — &5

Tax kak (hy(z), hs(z)) = 0, nerpyano zameruth, uto ({hi(z), hs(z))) =
= (hy(x), he(x)) + (hi(), h(x)) = 0, mm

(hip(2), hs(x)) = — (R (2), hi(x)). (4.81)

B Takom ciydae

i(ps(x) —m(x))e(x)  i(p(r) — pa(@)) p(r)éio(z )
Ea2() — &n1 () (€33 — &2 ))(533—511(55)) ()’

suaant, (§x(2) — E11(2))E12(2) = (33 — E22()) (33 — &1 () — Ea().
[Ipeamonoxum, uro (hi(x), hi(x)) = idx(x), a (h)(z), he(z)) = a(z) +ib(x),
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rie

0r(z), a(z), b(z) € R. U3 (4.69) nmosyunm cjie/yioniee BbIpaXKeHne

§1a(x) = i&12(2)(d1(x) — d2(x)) + (€22(x) — &n1(2))(alz) + ib(x)).

HpI/IpaBHHB BEIIECTBEHHbIEC 1 MHHUMbIEC YaCTH, IIPUJAEM K COOTHOIICHUAM:

o) ) o Gala)ala) ~ or(a)
€a2(7) — &n(x)’ / §2() — &1 () 5 5
To ecto (R} (x), ho(x)) = 12() + Gr2(2)(%2(2) = 1(x)) Pazjioxus

T () —En(@) | m(@) —Eu(e)

BekTOpa h) () no 6asucy hi(x), noaydnm

3

hi(w) = Y (@), hy(2)) s (). (4.82)

s=1

HO,ZLCT&BI/IB IIOJIYYEHHBIC BbIpazKCHHA, IIPDUAEM K CUCTEME

(h’l(x) = 101 (x)hy(z)+
€1, (x) + i€1a()(52(2) — 61 (1))
+< En(1) — En () )““”
i) —la)) o),
§ao(x) — &11(2)
() i) (6le) ~ 8@)Y
mole) = ( ) — () )hl( I+
) iy () hs () + (4.83)
i(ps(x) — Ml(x))w(x)(fszz - fll(w))hg(x).
e
- @) — @) e),
%u)<<§ﬂw<§¥&§m2&»
sl Hi(x L)\S33 — Q11 T
) ()~ 607 ha()+

\

Bsesiem obo3nauenus, canrasi, 4ro &5 = const (j,s = 1,3),

_ &3 —&n
€12(822 — &11)’
§12

L —

22 — &1’
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b
22 — &’
d(z) = (u3(x) = pu(x)) ().

Tornma cucrema (4.83) samuercs B cJeIyomeM Bue:

n =

(h’l(x) = i01(x)hi(x) 4 ik(b2(x) — 61(x))ho(x) + ind(x)hs3(x);
hy(z) = —ik(0s(x) — d1(x))hn () +

< (4.84)
+iba(x)ha(z) + imd(z)hs(x);
| hs(z) = —ind(x)hy(z) — imd(z)ha(z) + i03(x) hs(x).
i [ Su(t)de
[lycts fr(x) =exp 0 . Tenepn cucrema (4.84) nmpumer Buj

i (2(t)-81(8))dt

fl( ) = tk(d2(x) — d1(z))exp © fo(z)+
+ind(:v)e:cpi5f (63(t)_51(t))dtf3(x);
, | i (Ba()-61 (1))t
< fo(x) = —ik(da(x) — 61(x))exp O Ji(z)+ (4.85)
. i [ (0at)-0a(0))dt '
+imd(x)exp o f3(x);

] (a(t)=Su())dt

#y(@) = —ind@eap 0" i)
i Gsl)—aa(t))at

—imd(zx)exp J o fo(x).

\

B ciyuae d9(t) = 01(t) cucrema mpuMer paHee H3y9eHHBI BUJI, a NMEHHO

p

P (G3(t)—5y ()t

fl(z) = ind(z)eap | ()
) $3(@) = imatajeap " o)
fy(@) = —ind@yeap 0 0O ()
—imd(eap " ),

\

Permenns KOTOpOﬁ JIETKO HaXOHATCA IIPpU HEKOTOPLIX  JAOIIOJIHUTEJIb-

HbIX yCaoBusix. Hampumep, ecim d(x) - BemecTBeHHast (QYHKIUSA, a



100

i ] (Gs(t)-8u(t))at i ] (Gs(0)—0a(0))dt
nd(x)exp o , md(x)exp 0 JINHEITHO 3aBUCHUMBI, TO €CTh
i (53(0)—b2(t))dt i f (@010
m-d(x)-expof ’ :k-n-d(x)-expof ’ =k -v(x), e

k€ R, k # 0, torga cucrema (4.5.) mpumeT BUI:

(4.86)

0)=f},j=13

Jlemma 4.7. Ecau k € R, mo cucmema ypasnernuti (4.86) umeem edun-

CMBEHHOE peuweHue.”

) = BB e (4.87)

x

ede p(x) =1+ kQ/ v(t)dt.

0
st cuctembr (4.85) mpumem 0b603HAYMCHST

( T
, i [ (02(t)—01(t))dt
a(x) = ik(d2(x) — 01(x))exp © :

i [ (5(t)—0, (1))dt
<b(m):z'nal(x)expof(3() W :

i [ (5s(t)—6s(8))dt
c(x) =imd(x)exp ! ") :

\

Oyzem caurath, UTo a(x), b(z), ¢(x) - BemecTBeHHO3HATHDBIE (DYHKIINH,

Torja cucrema (4.85) mpumer BuJ

filz) + c(@) f3(2); (4.88)
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Teopema 4.6. [Iycmov a(x), b(x), c(x) - sewecmsenmosnaunvie Gynryuu,

nNoAoIHCUM )
2 a(t)dt
Alz) = exp 1
- r a(t)dt
P(z) = (b(x) + c(x))exp J : (4.89)
[ a(t)t

Qx) = (b(x) — c(x))expd

Kpome mozo, svinoamnsromes caedyroujue ycaous

Q'(x) = k(z)Q(x). (4.90)
(P(2) A%(2)) = k(x) P(x) A%(x) (4.91)
P2(2) A%() + Q(x) = QAl(x)exp‘o“ p>0,peR,  (492)

ede k(x) sewecmsennan duddepenyupyemas Gynryua.

Tozda cucmema (4.88) umeem eduncmeenroe pewserue

fi(z) = f0 l(x/foPtfgtdtJr%fotf;;tdt)
Fa) = (ffp Mt - fQnn) 1o

f3(z) = Scosffgl dt—l— ()fl\/'%c )f3) sm\/_fglt
0

Joxazameavcmeo. CKiajibiBasg U BbIUNTas IIePBbIE JIBA ypaBHEHUs STOH Cu-

CTEMBI, MOJYUYUM CJIeIYIONINiT ee BUJT

(fi(@) + fal2))" = al@)(f1(2) + fa(2)) + (0(2) + c(2)) f(2);
(fi(x) = fal2)) = —a(@)(fi(z) = folz))+

< (4.94)
+(0la) ~ o)) foa)
si(a) — b(a) i(e) + cla) ala).
Bgesem B paccMoTrpenue ciejylonue oy KT
Fo(w) = eap 0 " (o) + o) o

a(t)dt

Fo(o)=capr " (file) - fala)).
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Terephb cucreMa (4.88) mpuobperaer Bu

( Iy
Fl(2) = (bo(a) + cfa)) fy(@)eap # "
F' (2) = (b(a) — efa)) fo(w)eaph
< I a(tydt (4.96)
1) = Lb(a) + c(a))eapt " Fy (2)+
~ T atdt

_|_%(b(x) —c(x))exp © F(z).
)

Yupoctum cucremy (4.96), ucnosb3yst obo3uadenust (4.89)

 FL(z) = Q) f3(2); (4.97)

B'(x) = k(z)B(x) + (P*(2)A%(x) + Q*(x)) fs();
1 (4.98)
f3(x) = mB(x)-
rie B(x) = P(x)AQ(g:)FJF(x) + Q(z)F_(x).
— [E(t)dt

[Iycts G(z) = exp © B(x), Torma

G'(x) = (P2(2) A%(x) + Q*(x)) f3(x);

/ 1 ~ [k(t)at (4.99)
f3(x) = MG@)@W 0
[lepenumiem cucremy (4.99), MCTIONB3Y (4.92) u, obosmaums, gi(r) =
— [K(t)dt
P (2)A%(z) + Q*(z) = #(x)eacp 0 , IPUJIEM K COOTHOIIIEHUSIM

{G’(m) = g1(x) fs(x); (4.100)

f3(x) = pg1(z)G(z), p € R
Huddepentupyst Bropoe ypasuenne cucrembr (4.100) u mojcrassisist nepsoe,

IIoJIy49nuM COOTHOIIECHUE

() - g91(x)

g1()

f3(x) = pgi(x) fa(z) = 0. (4.101)
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Pemag (4.101), mosyaum

f3(x) = fgcos\/]_)/gl(t)dt + s Sin\/ﬁ/gl(t)dt, (4.102)
0 0
Ucnonbayst (4.95) n (4.97) naiinem Boipaxkennst jwis fi(x) u fo(x):

fi(2) + fola) = eapd (fP ﬁ+ﬁ+b)

. (4.103)
_ f a
exrp O

fila) = olir) = (] eonas - 1)

Herpyaro 3amernts, uro Bbipaykerus (4.103) MoryT ObITH 3alncaHbl B BU-

e (4.93). O

4.6. BpiBoabl K pazieiy 4

1. [Mosydenbl ypaBHeHus: jijist cOOCTBEHHBIX (QyHKIU Marpurpl a(x) B
TepMEUHAX COOCTBEHHBIX 3HAaUeHUil a(r) 1 COOCTBEHHBIX YUCE]T Olepa-
topa y(z) (Teopema 4.1).

2. Haiinennr perenns cucrembr ypasuennii (4.10) B ciaydae r = 3 n
IPOCTOTO CIEKTPa TJIaJIKOi MaTpuiibl a(x), Ipu 3aJaHHOM OTlepaTope
oy (4.11) (reopembr 4.2, 4.3).

3. Tosydennt perienusi cucrembl ypaaenuit (4.10) B ciydae B cirydae
IIPOCTOTO CHIEKTPa TJIaJIKONH MATPUIlbl a(x) u 7 = 3 Ipu 3aJJAHHOM OI1e-
parope o9 (4.27) (nemmbr 4.3, 4.5, 4.6 Teopemsr 4.4, 4.5).

4. Tlomyuenst Beipazkenust (h(x), hs(z)), (K # s, k,s € {1,...,3}), rue
hs(x) - cobcrBeHHble (DYHKIUE TIaAKONH MaTpuibl a(r), B caydae ee
KPATHOI'O CIIEKTpa 1 7 = 3.

5. Onucanbl perienns: cucrembl 4.84 B ciiydae KpaTHOro crieKrpa a(x) u

r = 3 Ipu JIONOJHUTEIbHBIX YeI0BHAX (jiemMa 4.7, reopema 4.6).
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PAB/IEJI 5. PEHHTEHNYA CUCTEMBI ITPU J # 1 B
TEPMMNHAX COBCTBEHHBIX BEKTOPOB

Jlanublit pasies paboThl HOCBAIIEH aHAJIN3Y CHCTEMbl HEJIMHEHHBIX ypaBHe-
auit (5.1) B npeanonoxkerun, 9to J # I. OCHOBHBIM PE3yJIBTATOM IOJPA3/Ie-
Ja 4.1 aBngercsa Teopema 5.1, B KOTOPOil mojiydeHa OCHOBHAS CUCTEMa YpaBHe-
auit (5.12) s cobersennbix BekTopoB {hy(z)}] Marpuipst Ja(z). B ciayuae
criermasibHOrO Buga 09J (5.17) mw r = 3, a Takke jyist ciaydasi, Korga oo
Ha Gaszucubie Bekropaf{hy(z)}] aeitcryer no dopmymnam (5.19) yeranosieno,
aro BekrTopa {hy(x)}] BBIpazkatoTes vepes TpuroHomerpudeckne byHKIUN

apryMeHTa, 3aBUCSINEr0 OT BUIA 09.J.
5.1. Omnmcanue pernrennii cucremsr (5.1) npu r = 3

B cayuae, korma J # I n a(x) = 0 cucrema (1.22) npumer BuL

(1Ja(2),7(x)J] =0, z€[0,1],
§ Y (z)J =ilJa(x),00]], x€]l0,l], (5.1)

7(0) =~*.

\

[Iycrs Ja(x) maTpuria-gyHKIUs ¢ TPOCTBIM CIIEKTPOM. Beibepem 6asuc hy(x)

TakK, ITOObI

Ja(@)he(e) = pr(e)uz), 52)
rie (g () - KOMILIEKCHO3HAYHbIE COOCTBEHHBIC 3HAYCHUsT MATPHILl Ja(x) u
pi(z) # fig(x) (k # s), rakue, uro npu YV € [0,1] marpuna Ja(x) B 6a3uce
{hi(x)}| npuBoIUTCST K MArOHAJIBHOMY BUJLY.

Jlemma 5.1. Ecau pp(x) # fg(x)(k # s), mo sexmopa Jhi(x) u hg(z)

opmozonasvhv, npu (k # s) u xaocdom x € [0,1].

Jloxasameavcmeso. Tlpunnmvast Bo Bunmanue (5.2), mveem

al@)he(2) = p(2)Thi (@), a@)hy(z) = po(2)Thy(z).  (53)
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JloMHOXKIM cKaJisipHO TIepBoe ypasHenue (5.3) Ha hg(x), a BrOpoe Ha hi(z),
LOJTY Y1M
(a(x)hi(2), hs(2)) = () (S hi(z), hs(2)),
(a(x)hs(2), hi(x)) = ps(@) (Jhs (), hir(@)).
Beraurast u3 nepsoro ypasaenusi (5.4) KOMILTIEKCHO COTPSIZKEHHOE BTOPOE,
Mol Oygem umethb (py(x) — Iy (x))(Jhi(x), hs(x)) = 0. Tak xkak Ja(x) rma-

Kasi MaTpUIla C MPOCTbIM crekTpoMm 1 pg(x) # Tg(z) mpm k # s, 1o

(5.4)

(Jhi(x), hs(z)) = 0, 3maunr Bektopa Jhy(x) n hg(x) oproroHag bHEI. []

B nanbueitimenm Oyaem caurtars, 9o (Jhy(x), hi(z)) = 1.

Bsejem obo3nauenune

oo hi(x ZaSk (x), (o2Jhi(x), Jhs(x)) = as(x),
(1<k,s<r), (55)

rie ag(x) - BemecTBeHHble DyHKINI. Bocmob3yeMest epBbIM ypaBHEHIEM

cucremspr (5.1):

(@) () = iTa(@)o T h(x) = iond Ja(e) ()

= i(Ja(x) — pg(z))oaJhi(z) = ’LZCYsk — () hs(z) (5.6)
= zzozsk — () hs(z).
s#k

Jlemma 5.2. [Tycmo npu xasrcdom x € [0, 1] mampuya-dynryus Ja(x) ume-
em npocmoti cnexmp u {hi(x)}] - 6asuc coomeememeyrouwus cobemeerHbLx
6EKMOPOS.

Tozda sexmopa y(x)Jhi(x) makorce asasmomen ee cobCmeenHbMU 6EKMOPQ-
mu, npuvem y(x)Jhg(x) = Ep(x)hi(x), 20e & (x) € C.

Ecau & () - sewecmesenmpie, mo onu ne 3a6UcCAM OM T.

Jlokazamenavcmeo. YautbiBasi BTOpoe ypaBHeHue cucteMbl (5.1), nmeem:
Ja(x)y(x)Jh(z) =
= vy(z)JJa(x)hi(x) = y(z)Jup(x)hip(x) = pr(z)y(x)Jhi(z). Takum obpa-

30M, TIOJIYUIJIH, 9TO B CJIydae IIPOCTOrO CIEKTpa MaTpuiibl Ja(z) BEKTODHI
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v(x)Jhi(z) sBIsSIEOTCST COOCTBEHHBIMU BEKTOPAMU TON MATPHIIBI

v(x)Jhi(x) = & (z)hi(x). (5.7)

[Ipeamosozkum, ato coberBentbie 3uadennst E(x) omeparopa y(x) 3aBucsaT

ot x, npoauddepentupyem coorrorerne (5.7),

v (@) Thi () + () Jhy,(x) = ()i () + & () b (). (5.8)

YMHOKIM cKaJsgpHO o6e wactu pasencrBa (5.8) wa Jhy(x), yanrbiBas

(Jhi(x), hs(x)) = 0;, coornomenue (5.5), moayanM:

(52 i @) (sla) = pus(a)) (), Th () ) =
= {&u(@)h} (@), Thile)) = (y(@) TR (@), Thile >>+5k< ) (ha(a). Thu(x)

To cer 0 = (& (@) (), Jhi(2)) — (T (@), A(2) Thi(2)) + Ef(x).

B cuy camoconpstzkennoctu y(z), Bermecrsennoctu Eg(x) u (5.7)

k(@) (), Jhi()) = (€k(2) (), Thi(x)) + & (2) = 0, smasur & (x) = 0,
O

cJIeJIOBATEIbHO, & HE 3aBUCAT OT .

Jlemma 5.3. [Tycmo & (x) € C - cobemsennvie 3navernus onepamopa y(x)J,
moeda £(x) donyckarom npedcmasaenus () = vy, (2 [ ng(x)dt + Z) ede

(J(hi(z)), hi(2)) = ing(x), ung(z), vp € R, npuuem vy om x e zaucam.

Jlokasameavcmeso. B ciyuae, korya £(x) € C, uz coornomenust (5.9) cie-

syer
(& () — &k (@) (Thy(x), hu () + & () = 0. (5.10)
[Tpoauddepennupyem coornorerne (Jhi(z), hi(x)) = 1, mosyanm

(Jhi(x), he()) + (Jhi(2), By (x)) = 0. (5.11)

O6ozuaunm (J(hg(z)), hi(x)) = myg(x) + ing(x), tae my(x), ng(x) € R.

B cuny camocomnpstzkernoctu J u (5.11), mosydum, 91o

my(z) + ing(x) + mg(x) — ing(x) = 0,
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1o ectb Re({J(hi(x)), he(z))) = 0, win (J(hg(z)), hi(x)) = ing(z). Obo-
sHaunm & (x) = c(x) + ivg(x), tae cx(x), vi(x) BemecTBeHHbIe (DYHKIUM.

[Togcrasum B (5.10), moxyanm
2ivg () - ing(z) + (cp(2)) +i(vg(z)) = 0.

IIpupaBHsiem BeliecTBEHHbIE 1 MHUMBbIE YacTH
(i ()" = 2ni(z)vi(2),

(vr())" = 0.
X
Orkyza caenyer, uto v(x) = v* — const, a cx(z) = 2 [ ng(z)vFdt. O
0
Teopema 5.1. Iycmo uy(x) € C - cobemesennvie snavenus (5.2) mampuyot
Ja(z), a {hi(z)}] coomeememsyrousudi basuc cobemeennvs 6eKMopos, npu-
uem pi(x) # fg(z), (k#s). Ecauéy(x) € C - cobemesennvie snavernus (5.7)

onepamopa y(x)J, moeda cnpasediuso coommowerue

) =1 Q ,us ‘ _'uk(x)h x). 5.12
D= e o1

X
Jloxasameavcmso. Cornacuo jemme 5.3, () = ank(a:)vkdt + v, TIe

0
(Jhy(2), hir(2)) = my(x) + ing(x), a my(x), ni(z), v € R. Hpoanddepen-
nmpyem cootnorenre (5.7), moayunm (5.8). [Ipumenns coornomienne (5.6),

npujeM K:

i) o) — (@) hp() + () Ty (2) =

p#k
= &k(2) by, () + 2np(2)vphy (). (5.13)

Jomnozkum (5.13) ckasapno wa Jhg(x), noayanm iag(x) (ps(x) — pr(x)) +

+(Jh(x), () Jhs(2)) = &(x)(hy(x), Jhs(@)) + 2ni(x)orhe(z), Th(x)).

Pazyoxnm h’ '.(x) 1o 6asncHbIM BekTOpaM hy(z), yauTbisast gemmy 5.1, Tora

ans ), v mhs() = (@), Jhy(2)). B cayuae s # k.



108

[IOJIY YUM

iase(@) (ns(a) = pule)) = (&(@) — E@) ) (@)’ Th(a)) =

(&)~ &@)) (@), .

B pesysbrare moayaum (5.12). O

Jlemma 5.4. Bupaorcenue (5.12) daa hi(x) umeem ycmparumyro ocoben-

nocmv npu () = &4(x).

Jlokasameavemeso. W3 coornommennst (5.14) Bugno, uro npu Ep(z) = &(x)
TTOJTY IIM

ask(z) = 0, mo3TOMY MBI BIIpaBe IHcaTh BbIpazkeHue jijst by (x) B uje (5.12).
[]

Pacemorpum ciyqait dimFE = 3, torga cucrema (5.12) Oyjer uMeTh BUJI:

(2 = @), &lxﬂxﬁdwhx>
( () o) + () () |
hy(z) =1
oq2(x 133)—,112(1‘)}“23 ago(x * _M(x)h x) )
<< Dew—aw T g gw @) O
hy(z) =i
) @), &mex—wM@Mx>
( 3( )gg(x)—m () + ao3(x) (D50 (x)
| hi(0) =1, i=1,2,3
ObosznaunM
d(z) = p2(x) — p(z)
i(z) — &a()
7) = p3(x) — pa(z)
(%) o) — &3(7)
f(z) = Mléﬂf; — j13()
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B pesysbrare cucrema (5.15) 3ammiercs B cienyoreit hopme:

(

W) = i (an (@)d(@)ho(x) + oz () (@) hy ()
(2) = i (12(2)d(@) (2) + aga(x)g(x)hs(x))
Hy() = i (ns(@) f(@) T (@) + azs(@)g(@)ha(a) ) ;

)
)

(5.16)

5.2. Permenne cucremnl ypaBuenuii (5.16) npu r = 3

(cay4ait 1)

. 3
[Ipemomnoxum, 1T0 onepaTop oy seiictByer Ha 6asucubie BekTopa {h;(x)}]

| 02T (&) = () (@),
oo Jhe(x) = v(x)hs(x), (5.17)
O'QJhg(iﬁ) = ?(x)hg(x),

rie 1(z) - BemecTBenHasi, a V() - KOMIUIGKCHO3HaUHas (yHKIUA. B cu-
JIy OPTOrOHATLHOCTH BeKTOpOoB Jhi(x) u hg(x), u (5.5), umeem: ajo(z) =
ag(z) = as(x) = azi(z) = 0, aga(z) = v(z), ass(z) = v(x). Oboznaunm

g(z)v(z) = c¢(x). Torma cucrema (5.16) Oymer nmerh BUI:

hi(z) =0,

) ) = et s
hs(x) = ic(z)ha(x),
hi(0) = hi, i =1,2,3;

Otcrona caegyer, uro hy(x) = hY.
[Tosryaennast cucrema coBnaaet ¢ cucreMoii (4.12), mosromy st Hee Oy IyT

BEPHBI Pe3YJILTATHI 11.3.2.
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5.3. Perienune cucrembr ypauenuii (5.16) mpu r = 3
(cyuaii 2).

[IycTn oneparop oa.J JeiicTByer Ha 6a3UCHDIC BEKTOPA {hk(x)}zl)’ CJIC LY IOIITVIM

obpazoM:

(02 b (2) = () (&) + pla)ha(e),

oo Jho(x) = v(z)hs(z), (5.19)
| 02T h3(x) = p(2)hi () + D(2)he(2),

riae ¥(x) - BemecrBennas bynkmus, a v(z), p(r) - KOMIUIEKCHO3HATHBIE

dbyuxiyn. B cuny oproronanbnoctu BektopoB Jhy(x) o hg(x) un (5.5),
nomyam: aip(x) = asi(z) = 0, a(z) = p@)|h@)|? aun(z) =

p(@)|lhs (@)%, cs(z) = D()|[ha(2)*, asa(w) = v(x) ]| ha()[]*.

Taxum obpasom, cucrema (5.19) Oyger nMerb BHT:

(i () = ip(x) f (2)hs (@),

) (0) = iw(@)gtanata). 0
hy(z) = ip(z) f(z)hi(z) +iv(z)g(z)he(z),
hZ(O) Ry, i=1,2,3.

[yers v(z)g(x) = c(z); p(x)f(z) = k(z), a c(z) = a(z) +ib(z), k(z) =
m(x) + in(x), rae a(x),b(x), m(z),n(x) € R. B cuyuae, xorja c(z) = a(x),

k(x) = m(x), cucrema (5.20) mpumer Bu:

hi(x) = im(2)hs (),

hy(x) = ( )hs(z),

hy(x) = im(x)hi(z) + ia(x)he(z),
| 7i(0) = R, i =1,2,3.

(5.21)

[Tosryaennast cucrema coBnaaer ¢ cucreMoii (4.36), mosromy st Hee OyIyT

BEPHBI Pe3YJILTATHI 11.3.3.
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5.4. BbIBOJbI K pa3aenay 5

1. Iosyuensl ypaBHeHust st cOOCTBEHHbIX (yHKIMHA MaTpuisl Ja(r) B
TepMIHAX COOCTBEHHBIX 3HaueHnit Ja(x) 1 cODCTBEHHBIX THCEIT olepa-
topa y(x).J B ciydae mpoctoro crektpa (Teopema 4.1).

2. YCTaHOBJICHO, UTO B M3Yy9aeMOM Cjiydae pernenusi cucteMbl (5.16) Boi-
PAYKAIOTCA Yepe3 TPUrOHOMeTpHUIecKie (DYHKINI OT apryMeHTa, 3aBH-

cA1iero oT , KOTOprfI CTPpOUTCA 110 MaTpHuLeE 09.



112

SAKJIOYEHUE

OcHosHbIe pe3yJbTaThbl pa6OTbI 3aKJ/II09al0TCAd B CJIEAYIOIIEM.

1.

[Tostyennl siBHbIe (hOPMYJIBI, BBIpAZKAIOIINE DEIIeHNe CUCTEeMbI THIIA
Jlakca (2.2) B ciayuae 7 =2 u J = I (reopema 2.1).

[Ipeabsasieno permenre 6osee obrmeit 3agadn (2.12) B ciydae 7 = 2
pon3BoJbHOM J (Teopema 2.2).

[Tosryaeno omnmcanme 06X U30CHEKTPATBHBIX CBOIICTB peleHnii cu-
crembl (2.2).

YeraHoBJIeHO, 9TO cucrteMa (2.26) criennaabHON 3aMEeHON CBOJUTCA K
crucreMe OOBIKHOBEHHBIX JinbdepeHnnaibHbIX ypaBHEeHNT ¢ KBajpa-
TUIHON IpaBoii dacTbio (Teopema 2.3, 3amedanie 2.2).

YKazaH IOIAroBBIfl IPOIECC ¢ IMOMOIIBIO TEoOpeMbl 2.3 HaXOXKICHUS

BCex perennii cucreMsr (2.26).

Ormncanbl perernst cucteMbl (2.26) B cirydae JIMHEHHO 1 KBaIpaTi-
Hoit 3aBucumoctu a(x) or y(x) mw r = 2 (upemioxenue 2.3, cJejl-
creue 2.1).

Jlano omncanue Beex pelieHuit cucrembl Thila Jlakca mpu yeJioBum, 9ro
r = 3 U MaTpuIlbl 09, Y UMEIOT pocToii criekTp. Tlosyuen saBHbIi BUjL
pereHusi B TepMUHAX OOPATHOTO SJUINIITHIECKOTO HHTerpaJja (Teope-
ma 3.1 u 3amedanue 3.1), KOTOpoe B 9aCTHOM CJIydae sIBHO BbIPasKaeTcst
depes sumunTndeckne hyukinn fAxobu (cregcrsue 3.2 u npumep 3.2).
[Ipu kBajparnanoit 3aBucumMoctu Marpuibl a(x) ot y(x) (r = 4) 1o-
JIydeHbl perenust cucteMbl (2.26) (Teopema 3.3) B qactHoM ciydae pe-
IEeHUsT JIOMYCKAOT MPEJICTABICHNUSI B TEPMUHAX TPUTOHOMETPHIECKUX
1 rurepbosimaecknx yHKIWi (caegcTre 3.3).

B ciyuae xkybudeckoit 3aBucumoctn marpuisl a(z) ot y(x) ur = 4
Haiiennr perrernsi (2.26) (Teopema 3.5), KOTOpbIE MPU CIHENHATHHOM
Boibope YT = diag(Ay, ..., \4) JOIYCKAIOT MPEJICTABJIEHHSI ¢ TOMOIIbIO

symnTrdeckux dyuknuit Axobu (caencrsue 3.4).
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[Tosrygenbl ypaBHeHUs1 Jjisi COOCTBEHHBIX (DYHKINIT MaTpuibl a(x) B
TepMEUHAX COOCTBEHHBIX 3HAaUeHUil a(r) 1 COOCTBEHHBIX YUCE]T Olepa-
topa y(z) (Teopema 4.1).

Haiifnennl pemtenusi cucrembl ypashenuii (4.10) B ciyuae r = 3 u
IIPOCTOTO CIIEKTPa [IAIKON MATPHILl a(Z), IPU 33JaHHOM OTlePATOpe
o9 (4.11) (Teopemsr 4.2, 4.3).

[Toygennt pertierusi cucteMmbl ypaaenuit (4.10) B ciydae B ciydae
IIPOCTOTO CHIEKTPa TJIaJIKONH MATPUIlbl a(x) u r = 3 IpU 3aJJAHHOM OIle-
patope o9 (4.27) (memwmbr 4.3, 4.5, 4.6 Teopembid.4,4.5).

Hosyuenst Boipaxkenust (h(x), hs(z)), (k # s, k,s =1, 3), rae hg(x) -
cobcTBeHHbIE (DYHKIINE TVIAIKON MATPUIBI a(X), B CIydae ee KPATHOTrO
clleKTpa u r = 3.

Onucanbl pemnienns cucteMmbl 4.84 B cjydae KpaTHOro crektpa a(x) u
r = 3 Ipu JIONOJIHUTEIbHBIX yeaoBusaX (jiemma 4.7, reopema 4.6).
[Tostyuenbr ypaBHeHusl Jijisi COOCTBeHHBIX (QyHKIMHA MaTpurbl Ja(zr) B
TepMIHAX COOCTBEHHBIX 3HaueHuit Ja(xr) m cOOCTBEHHBIX THCET olepa-
topa y(x)J B ciydae mpocroro crekrpa (Teopema 3.1).

YCTaHOBJIEHO, UTO B U3yUaeMOM CJIydae perrenns cucteMbl (5.16) BbI-
parkaloTcsl Yepe3 TPUrOHOMETpHYecKre (DYHKIMN OT apryMeHTa, 3aBU-

CA1iero oT , KOTOprfI CTPpOUTCA 110 MaTpHuLe 09.
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